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ABSTRACT 


DeLorenzo,  Michael  L.  Ph.D.,  Purdue  University,  August  1983.  Selection 
of  Noisy  Sensors  and  Actuators  for  Regulation  of  Linear  Systems. 

Major  Professor:  Robert  E.  Skelton. 


( 


^This  research  has  developed  and  tested  an  algorithm  which  aids  the 
controls  engineer  In  placing  sensors  and  actuators  in  a  linear  system 
to  'best  achieve *^a  set  of  variance  specifications  on  the  outputs  and 

r  r 

Inputs  of  the  system.  The  term  'best  achieve'  has  been  defined  to  be 
the  sensor  and  actuator  configuration  which  enables  a  controller  to  do 
either  of  the  following:  Meet  the  Input  specifications  while  minimizing 
a  sum  of  output  variances  normalized  by  their  specification  (i.e.  input- 
constrained  solution),  or  meet  the  output  specifications  while  minimiz¬ 
ing  a  sum  of  Input  variances  normalized  by  their  specification  (i.e., 

r* 

output-constrained  solution).  (^<J ir^bl  (7^ss> ^  ) 

The  approach  taken  to  sol/ve  this  sensor  and  actuator  selection 
(SAS)  problem  was  to  use  LQG /theory  to  specify  a  structure  for  the 
controller,  and  then  develop  an  algorithm  (SASLQG)  that  places  sensors 
and  actuators  in  this  controller  structure  to  achieve  either  the  input- 

9 

constrained  or  output-constrained  solution.  The  main  advantage  of  this 

9 

approach  Is  the  mathematical  ease  with  which  LQG  theory  addresses 
variance  constraints,  and  the  main  disadvantage  is  that  there  may  be 
other  controller  structures  which  do  better. 


In  applying  LQG  theory  to  solve  the  SAS  problem  two  specific 
extensions  of  the  theory  resulted.  The  first  was  development  of  sensor 
and  actuator  effectiveness  values  (^sen  and  l/^act)  which  determine 
the  importance  of  each  sensor  and  actuator  to  the  LQG  controller  when 
both  the  sensors  and  actuators  are  assumed  noisy.  The  second  extension 
was  the  development  of  the  algorithm  LQGWTS  which  provides  a  systematic 
method  for  adjusting  the  weighting  rndtrices  in  the  LQG  cost  functional 
1/  so  that  the  controller  which  minimizes  V  also  satisfies  either  the 
Input-constrained  or  output-constrained  variance  requirements. 

These  two  extensions  were  combined  to  form  a  sensor  and  actuator 
selection  algorithm  (SASLQG).  The  algorithm  was  applied  to  two  substan 
tial  models  of  large  space  structures  and  the  resulting  configurations 
although  not  guaranteed  to  be  optimal  achieved  better  performance  than 
any  alternative  configuration  tested.  The  algorithm  also  provides 
insight  into  the  sensitivity  of  the  controller  design  to  sensor  and 
actuator  deletions  and  therefore,  insight  into  an  optimal  number  for 
both  sensors  and  actuators.  Lastly,  the  algorithm  provides  information 
which  Identifies  the  most  demanding  outputs  and  the  critical  actuators 
for  the  final  sensor  and  actuator  configuration. 


1.0  INTRODUCTION 


Our  ability  to  make  the  behavior  of  a  physical  system  (human  or 
not)  conform  to  an  unnatural  but  necessary  standard  (i.e.  regulate  it) 
is  directly  proportional  to  our  influence  on  the  system,  our  understand¬ 
ing  of  how  the  system  responds  to  this  Influence,  our  perception  of 
current  system  behavior,  the  way  we  exert  our  influence  (friendly 
persuasion,  brute  force  etc.),  and  of  course  the  severity  of  the  neces¬ 
sary  standard.  From  an  engineering  perspective,  the  standard  of  system 
performance  is  usually  defined  by  a  set  of  specifications  (constraints) 
on  system  output(s)  and/or  input(s).  Systems  normally  receive  inputs 
(influence)  through  physical  devices  called  actuators.  The  understand¬ 
ing  of  how  a  system  responds  to  inputs  is  represented,  in  most  cases,  by 
a  set  of  differential  equations  referred  to  as  a  system  model.  Current 
system  behavior  is  normally  monitored  by  devices  called  sensors  and  the 
technique  for  combining  sensor  and  model  information  into  a  set  of  rules 
for  issuing  actuator  commands  is  referred  to  as  a  control  or  regulation 
law.  Control  laws  which  use  sensor  information  are  called  closed- loop 
control  laws  and  are,  in  general,  less  sensitive  to  unexpected  distur¬ 
bances  and  implementation  errors  than  are  open-loop  control  laws  which 
do  not  use  sensor  information. 

Basically  then,  the  problem  of  regulating  physical  systems  has 


five  elements  : 


(1)  Specifications 

(2)  Actuators 

(3)  System  Model 

(4)  Sensors 

(5)  Control  Law 

When  these  elements  Interact  during  regulator  design,  experience  has 
shown  that  the  following  situations  arise: 

(1)  The  mathematical  models  used  to  represent  physical 
systems  are  never  exactly  right  and  sometimes  the 
real  system  Is  offended  by  actuator  commands  based 
on  an  Imitation,  (i.e.  our  control  laws  are  right 
In  theory  but  wrong  In  practice). 

(11)  There  are  many  techniques  for  developing  control 
laws  and  the  resulting  regulators  can  have  a  wide 
range  of  complexity.  In  addition  to  relative 
complexity,  each  technique  has  other  advantages 
and  disadvantages  and  no  one  technique  always 
does  the  'best'  job. 

(ill)  It  Is  sometimes  Impossible  to  meet  the  given  set 
of  specifications  and  it  Is  often  not  clear  what 
specifications  are  achievable  with  he  given 
control  elements. 

(iv)  Actuators  have  physical  limits  to  the  amount  of 
push,  pull,  torque,  etc.  that  they  can  generate 
and  control  laws  sometimes  forget  this.  (i.e.  Input 
constraints  are  a  physical  reality  in  most 
practical  control  problems). 

(v)  When  a  large  number  of  admissible  locations  exist 
for  sensors  and  actuators,  some  locations  do 
better  than  others  In  achieving  the  regulation 
specifications,  and  systematically  comparing 
regulator  designs  for  every  admissible  sensor 
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and  actuator  configuration  is  impossible.  (For 
Instance ,  when  a  design  problem  requires  choosing 
6  out  of  12  actuators  and  12  out  of  39  sensors, 
there  are  ^  3.61x10  possible  configurations!). 

(vl)  Sensors  and  actuators  also  have  unmodeled  behavior 
(noise)  which  always  degrades  regulator  performance. 
This  noise  can  significantly  effect  the  locations 
sought  In  (v)  and  can  invalidate  the  design  theory 
which  states  the  more  actuators  used  the  better. 

This  research  has  focused  on  the  Sensor  and  Actuator  Selection  (SAS) 

questions  raised  by  situations  (iii)-(vi).  Before  introducing  these 

questions  further  a  brief  discussion  of  the  assumed  system  model  and 

regulation  specifications  Is  In  order. 


1.1  System  Model  and  Specifications 
The  modeling  problem  of  situation  (1)  Is  present  in  every  area  of 
control  theory  and  Is  currently  a  very  active  topic  of  research.  For 
the  most  part  our  system  models  are  based  on  linear  constant  coefficient 
differential  equations  for  which  a  great  wealth  of  solution  techniques 
and  control  theory  exist.  However,  physical  systems  are  by  nature, 
non-linear  and  are  most  accurately  represented  by  non-linear  differen¬ 
tial  equations.  The  problem  with  these  type  of  equations  is  that  no 
general  procedure  exists  for  obtaining  their  closed  form  solutions,  and 
our  ability  to  analyze  non-linear  system  behavior  to  various  forms  of 
inputs  is  therefore  limited.  This  limitation  carries  over  to  the 
design  of  regulators  for  non-linear  systems  and  manifests  itself  in  the 
fact  that  the  wealth  of  design  techniques  for  linear  systems  currently 
has  no  parallel  in  non-linear  control  theory.  Fortunately,  most  physi¬ 
cal  systems  do  have  'nearly'  linear  behavior  over  limited  ranges  of 
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response.  The  regulators  which  are  based  upon  a  model  of  this  linear 
behavior  are,  for  a  large  number  of  practical  cases,  able  to  keep  the 
system  operating  within  Its  linear  range  and  therefore  maintain  the 
validity  of  the  linear  model  and  the  designed  regulator.  In  some 
situations,  adding  white  noise  processes  to  the  linear  models  can 
account  for  unmodeled  non-linear  behavior  of  the  system  and  Its  sensors 
and  actuators  thus  enhancing  the  validity  and  range  of  the  linear  models. 
These  models  then  become  linear  stochastic  models  and  they  are  the  sub¬ 
ject  of  this  research. 


1.1.1  The  Model 

The  specific  type  of  linear  stochastic  model  considered  In  this 
research  uses  a  set  of  ordinary  differential  equations  with  constant 
coefficients  driven  by  random  processes  that  are  at  least  wl de-sense 
stationary.  This  type  of  model  Is  called  a  Lumped  Parameter  Model  (LPM) 
since  It  represents  the  motion  of  a  physical  system  whose  mass  or  col¬ 
lection  of  masses  can  be  attributed  (lumped)  to  specific  points  In  the 
system.  A  considerable  number  of  physical  systems  can  be  represented 
by  an  LPM.  One  of  these  Is  the  Large  Space  Structure  (LSS)  which  was 
choosen  for  the  practical  application  of  this  research.  The  specific 
LSS  model  development  Is  the  subject  of  Chapter  4.  Shown  below  is  the 
state  space  form  of  the  LPM  used  in  this  research. 

fx(t)  *  Ax(t)  +  Bu(t)  +  Dw(t)  ;  xeRn  ,  ucRm  ,  weRP 

x(to>  ■  xo 
D  -  [B  Dq] 
y(t)  -  Cx(t)  ;  yeRk 
z(t)  •  Mx(t)  +  v ( t )  ;  zeR* 


(system  outputs) 
(system  measurements) 


with  noise  characteristics: 


Ex. 


Ew(t) 


Ev(t)  *  0 


(1.2) 


wT(t),  vT(x))b 


Xo  0 

0  W6(t-r) 

0  0 


0 

0 


;  W,V  >  0 


V6(t-tl) 


Where  the  notation  Implies  a  real  vector  space  of  dimen¬ 
sion  1,  E  represents  the  expectation  operator,  T  represents 
matrix  transposition,  6  Is  the  Dirac  delta  function  and 
W  >  0  Inplies  W  Is  a  positive  definite  matrix. 

The  n-dimensional  vector  x(t)  represents  the  state  of  the  system,  while 
the  m-dlmenslonal  vector  u(t)  contains  the  actuator  signals.  The  system 
outputs  which  are  to  be  regulated  are  defined  by  the  k-dimensional 
vector  y(t)  and  the  i  dimensional  vector  z(t)  represents  the  measure¬ 
ments  (sensor  information)  available  from  the  system.  The  white  noise 
vector  process  w(t)  Is  used  to  represent  unmodeled  system  behavior 
(DQw(t))  and  unmodeled  actuator  behavior  or  noise  (Bw(t)),  while  unmodel¬ 
ed  or  noisy  sensor  behavior  Is  accounted  for  by  the  white  noise  vector 
process  v(t).  The  matrices  A,B,C,D,M,W,  and  V  are  assumed  to  be 
time- Invariant  and  appropriately  dimensioned.  It  is  further  assumed 
that  the  matrix  B  has  no  zero  columns,  the  matrices  C  and  M  have  no 
zero  rows  and  the  matrices  A,B,C,D,  and  M  satisfy  the  following 
detectability  and  stabilizabllity  conditions:  [1] 


(1.3) 


(A,  B)  (A,  D)  stabilizable 

(A,  C)  (A,  M)  detectable 


For  the  purposes  of  notation  the  tPM  described  by  (1.1 )-(l .3)  will  be 
Identified  by  S(n,k,m,t)  where  n  Is  the  nuntoer  of  states  used  to 
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represent  the  system,  k  is  the  number  of  outputs,  m  is  the  number  of 
actuators  and  i  is  the  number  of  sensors. 

1.1.2  The  Specifications 

As  noted  earlier,  the  goal  of  the  regulation  process  is  to  keep  the 
outputs  and/or  Inputs  (actuator  signals)  of  a  physical  system  within 
some  desired  range.  For  the  system  S(n,k,m,fc)  these  specifications 
could  take  the  following  form: 

■°1  1  yi  (t)  <  fff  V- 1  >  tQ  ;  1  *  1 ....  k 

0.4)] 

-oi  <.  u.j  (t)  <_  V-  t  >  t  ;  i  *  1 ....  m 

where  and  uj  are  constants  representing  the  specifications  (constraints) 
on  the  1th  output  and  input  respectively.  Since  S(n,k,n,i)  is  driven 
by  white  noise  processes,  both  x(t)  and  y(t)  will  be  random  vector 
processes.  Therefore  (1.4)  can  become  a  very  severe  requirement  and  in 
reality  could  never  be  guaranteed.  From  a  probabilistic  view,  Ey^ (t) 
might  make  more  sense  for  a  regulated  quantity,  however,  we  know  that 
y^(t)  can  be  expressed  as  follows:  [1] 

(1.5)  y,(t)  *  CeA<*  to'x  +  cf*  eA(t‘T*Bu(-r)d  +  cf*  eA(t'T’l)w(T)dT 

°  Jto  Jto 


and,  given  the  noise  characteristics  of  S(n,k,m)  along  with  removing  all 
controls  (i.e.  actuators  turned  off), 

(1.6)  Ey^(t)  ■  0  ¥■  t  >  tQ  ,  i  *  1 ....  k 

which  produces  a  meaningless  regulation  problem. 
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The  preceding  discussion  leads  quite  naturally  to  the  use  of  the 
variance  constraints  shown  In  (1.7). 


(1.7) 


^2(t)  <  af  n>tQ  ,1 


EUjZ(t)  <  Wl  ¥•  t  >  t  .  1 


2  2 

The  constant  quantities  and  y^  now  represent  the  variance  constraints 
on  the  1th  output  and  input  respectively.  The  constraint  on  u^(t)  is 
necessary  since  only  closed-loop  regulation  will  be  considered  and  u.j(t) 
must  then  be  a  function  of  noisy  sensor  information  which  is  further  a 
function  of  the  random  vector  process  x(t).  For  systems  of  type 
S(ntk,m,&)  control  laws  are  known  to  exist  which  produce  steady  state 
values  for  Ey^  (t)  and  Eu^  (t)  and  since  a  great  many  practical  regula¬ 
tion  problems  require  the  outputs  to  be  regulated  for  long  periods  of 
time  the  following  specifications  have  proven  to  be  a  very  desirable 
alternative  to  (1.7): 


(1.8) 


11m  Ey  2(t)  -  Ejf 
t—  1  1 


11m  u,2(t)  *  E  u<2 
t—  1  "  1 


<.  Or  ,  1*1  ,...k 


1  *  1  ....  m 


The  specifications  of  (1.8)  were  used  In  this  research  and  the  expres- 

2  2 

slon  (o  ,  y  )  will  be  used  to  Imply  (1.8). 


iV  •  .  •*.  •*.  •*,  i'. 
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1.2  The  SAS  Problem 

With  the  background  of  Section  1.1  It  Is  now  possible  to  formulate 

situations  (111 )-(v1 )  as  a  specific  SAS  problem  for  systems  of  type 

S(n,k,m,t).  To  begin,  assume  that  only  m  out  of  m  actuators  and 

i  out  of  i  sensors  are  available  for  designing  a  regulator  with  specifi- 

cations  (o  ,  u  ).  The  goal  Is  to  find  S(n,k,m,&)  and  Its  resulting 

closed-loop  controller  u(a,  m)  such  that  (o  ,  y  )  Is  'best  achieved1 , 

where  y  Is  the  specification  for  the  reduced  set  of  actuators.  The  term 

'best  achieved'  warrants  further  explanation.  If  it  is  possible  to 

achieve  the  specifications  (o  y  ),  the  combination  [S(n,k,m,I),  u(m,a,)] 

2  -2 

which  'best  achieves'  (o  y  )  Is  defined  as  that  combination  which 
produces  the  smallest  possible  value  for  one  of  the  following  normalized 
sums: 

(1.9)  Min  l  subject  to  E  u<2  *  y.2  V-  i  *  1  ,  ...  m 

S,u  1-1  1  1  -  1  i 

or 

(1.10)  Min  l  E  u2/"y  2  subject  to  E  v,2  =  a.2  V- i  »  1,  ...  k 

S,u  1-1  *  1  1  1  1 

2-2  -  - 

If  It  Is  not  possible  to  achieve  (o  ,  y  )  the  combination  [S(n,kfm,t), 
u(m,z)]  which  'best  achieves'  (o  ,  y  )  Is  defined  to  be  that  combination 
which  minimizes  one  of  the  following  normalized  sums  of  outputs  above 
specification  or  Inputs  above  specification: 

•Tu iL ^i2^2 

tun)  ,J 

2-2 

subject  to  =  Uj  ¥  i  -  1,  ...  m 


0.12) 


Min  I  E.u*2/^2  1M:  E.u/  >  j/ 

S.ul'l  1  1  1  1 

subject  to  Ej*  =  o*  V- 1  =  1,  ...  k 

The  [S(ntk,m,I)  ,  u(t,m)]  which  satisfies  either  (1.9)  or  (1.11)  will 
be  called  the  input-constrained  SAS  solution  and  the  combination  which 
satisfies  (1.10)  or  (1.12)  will  be  called  the  output-constrained  SAS 
solution.  The  above  discussion  may  be  summarized  In  the  following 
concise  SAS  problem  statement: 

SAS  Problem  Statement 

a  system  of  type  S(n,k»m,&)  with  only  m  out  of  m 
actuators  and  I  out  of  i  sensors  available  for 
designing  a  regulator  to  achieve  the  specifications 
(a2,  y2). 

Specify  the  system  S(n,k,m,li)  and  the  closed-loop 
controller  u(I,  m)  which  satisfies  either  the 
Input  constrained  requirements  of  (1.9)  and  (1.11) 
or  the  output-constrained  requirements  of  (1.10) 
and  (1.12). 

1.3  General  Objective  and  Approach 
The  objective  of  this  research  has  been  to  develop  and  test  an 
algorithm  which  aids  the  controls  engineer  In  finding  a  solution  to  the 
SAS  problem.  There  are  different  ways  to  achieve  this  objective  but 
they  all  must  have  at  least  the  following  Ingredients. 

(1)  A  specific  structure  for  the  closed-loop  control  law. 

(2)  Some  technique  for  adjusting  the  parameters  of  the 
control  law  to  achieve  («r,  y  ). 


Given: 


Required: 


(3)  Some  means  other  than  a  direct  search  technique  to 
evaluate  the  effectiveness  of  the  various  possible 
sensor  and  actuator  configurations  In  achieving 
(o2,  ;2). 

The  approach  In  this  research  was  to  use  the  well  documented  theory  of 
Llnear-Quadratlc-Gaussian  (LQG)  control  to  specify  the  structure  of  the 
closed-loop  controller.  Using  the  concept  of  component  cost  analysis 
developed  by  Skelton  and  co-workers,  [  4 ]-[  7],  a  technique  was  develop¬ 
ed  for  determining  the  effectiveness  of  Individual  sensor  and  actuators 
In  the  minimization  effort  of  the  LQG  cost  functional.  Then,  a  method 
for  adjusting  the  weights  of  the  cost  functional  to  achieve  (a2,  y2)  was 
developed.  With  this  link  between  the  cost  functional  and  (cr  ,  u  ) 
established,  the  actuator  and  sensor  effectiveness  values  were  used 
along  with  the  weight  specification  technique  to  develop  an  iterative 
design  algorithm  for  the  SAS  problem. 

1 .4  Organization 

The  presentation  of  the  design  algorithm  Is  organized  as  follows: 
a  survey  of  past  approaches  to  SAS  is  presented  in  Chapter  2, 
while  Chapter  3  contains  the  specific  details  of  LQG  theory,  the 
advantages  and  disadvantages  for  Its  use  In  solving  the  SAS  problem  and 
a  redefinition  of  the  research  objective  In  terms  of  the  mathematics  of 
LQG  theory.  In  Chapter  4  the  two  substantial  LSS  models  used  to  test 
the  design  algorithm  are  defined.  Also  Included  In  Chapter  4  Is  a 
development  of  the  model  of  type  S(n,k,m,*)  from  finite  element  data  for 
one  of  the  structures.  The  theory  and  development  of  the  actuator  and 
sensor  effectiveness  values  are  presented  In  Chapter  5,  while  the  theory 
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and  development  for  the  weight  selection  technique  Is  discussed  In 
Chapter  6.  The  results  of  Chapters  S  and  6  are  combined  In  Chapter  7 
to  develop  the  algorithm  for  solving  the  SAS  problem.  Chapter  7  also 
contains  the  results  of  the  algorithm  when  applied  to  the  LSS  models  of 
Chapter  4.  The  conclusion  Is  presented  In  Chapter  8. 


2.0  PAST  APPROACHES  TO  SAS 


Several  approaches  to  SAS  have  been  presented  In  the  literature. 
None  directly  address  the  SAS  problem  as  defined  In  Chapter  1; 
however,  major  components  of  the  problem  are  addressed  for  both  the 
LPM  and  the  distributed  parameter  model  (DPM).  Before  reviewing  these 
SAS  approaches,  a  brief  discussion  of  the  DPM  Is  In  order  along  with  a 
description  of  the  most  used  SAS  criteria  and  the  general  approach 
choosen  for  SAS. 

2.1  The  DPM 

A  DPM  Is  used  to  describe  the  motions  of  a  physical  system  when 
the  system  mass  Is  allowed  to  exist  as  a  continuum  throughout  the 
spatial  domain  of  the  system.  Therefore  a  DPM  consists  of  a  set  of 
partial  differential  equations  with  Independent  variables  both  in  time 
and  space.  The  literature  considered  a  linear  stochastic  DPM  which 
can  be  written  In  a  form  that  closely  parallels  (1.1). 


at 


x(tQ,s) 


y(t,s) 


A$x(t,s)  +  B(t,s)u(t)  +  D(t,s)w(t,s)  -  xeRn,  ueRm, 

weR*5 

1  *0(S) 

C(t,s)  x(t,s)  ;  yeRk 


(2.1) 


z(t,s)  «  M(t,s)  x(t,s )  +  v(t,s) 


(system  outputs) 
(system  measurements) 


The  spatial  coordinates  are  represented  by  the  4  dimensional  real 
vector  s  which  Is  defined  on  a  connected  open  domain  labeled  S.  A$ 

Is  defined  to  be  a  matrix  differential  operator  (l.e.  A  [•]  =  A  [•]  + 

A.j  +  Ag  +  . . . . )  and  B(t,s) ,  D(t,s) ,  C(t,s)  and  M(t,s)  are 

known  time  and  space  dependent  linear  operators.  As  In  the  LPM,  v(t,s) 
and  w(t,s)  represent  white  noise  processes  used  to  account  for  modeling 
Inaccuracies  and  xQ(s)  Is  a  random  vector  process  In  S  which  Is  Indepen¬ 
dent  of  v  and  w. 

For  most  physical  systems  it  is  currently  not  possible  to  generate 
Independent  control  forces  at  every  point  in  S  or  to  simultaneously 
measure  the  movement  of  each  point  In  S.  Therefore,  the  literature 
adopted  the  following  'point-wise'  representation  for  the  m  admissible 
actuators  and  i  admissible  sensors  of  (2.1): 


m 


B(t,s)u(t)  =  l  b. (s)  6(s-s.)  u . 

1=1  1  1  1 


(t) 


(2.1a) 


z(t,s)  =  l  (M(t,s .)  x(t,si)  +  v(t,s • ) } 
j=l  J  3  J 


Where  s^  represents  the  spatial  coordinate  for  the  actuator,  and 
Sj  represent  the  spatial  coordinate  for  the  sensor.  It  should  also 
be  noted  that  the  numerical  examples  presented  in  the  literature  further 
assumed  the  linear  operators  B(t,s),  D(t,s),  M(t,s)  and  C(t,s)  to  be 
time-invariant  matrices  of  appropriate  dimensions. 


2.2  SAS  Criteria  and  General  Approach 
For  this  selection  of  literature,  there  were  two  SAS  criteria  which 


were  commonly  used.  One  Involved  the  trace  of  the  covariance  matrix 


(or  DPM  operator)  for  the  estimation  error  in  the  well  known  Kalman- 
Bucy  filter. [1]  The  other  was  a  weighted  quadratic  cost  functional  of 
the  system  state  and  control.  Shown  below  are  mathematical  expressions 
of  these  criteria  for  both  the  LPM  and  DPM: 


(2.2a) 


(2.2b) 


C  tr{P(t)}dt 
Jt 


[  [  tr(P(t,  s,, 

t  JS  JS 


SgJldSi  dSg  dt 


where  tr{*}  represents  the  trace  of  a  matrix  and 
(2.2c)  P  -  E{(x-x)(x-x)T} 


The  vector  x  represents  the  estimate  of  the  state  vector  as  determined 
from  the  Kalman-Bucy  filter.  The  quadratic  criteria  are: 

(2.3a)  E  [f  {xT(t)K7x(t)  +  uT(t)Ru(T)}dx  +  xT(t)K.x(t)] 

JtO 

(2.3b)  B  [f  [  <xT(t,s)K.xT(t,s)  +  uT(t)Ru(t)}  dsdt  +  x^(t,s)K.x(t,s)] 

Jt<)  JS  1 

where  R  >  0  and  >_  0,  K^  >^0  (i.e.  positive  semi -def ini te ) .  With 
these  criteria  the  goal  for  SAS  becomes  finding  the  set  of  sensors  which 
minimizes  (2.2)  over  all  possible  sets  of  sensors,  or  finding  the  set 
of  actuators  and/or  sensors  which,  for  a  given  controller  structure, 
minimizes  (2.3)  over  all  possible  sets  of  actuators  and/or  sensors. 

Then  general  approach  of  the  reviewed  literature  to  SAS  may  now 


be  summarized 


(1)  Develop  an  analytical  expression  (criterion)  which 
reflects  some  desired  goal  for  SAS  (usually  minimi¬ 
zation  of  (2.2)  or  (2.3)). 

(2)  Use  this  criterion  in  a  parameter  optimization  problem, 
a  minimum  principle  formulation  or  a  variational  tech¬ 
nique  in  order  to  derive  the  necessary  conditions  for 
the  sensor  and/or  actuator  configuration  to  achieve 
the  SAS  goal. 

(3)  Use  some  form  of  gradient,  successive  approximation 

or  direct  search  technique  to  select  the  sensor  and/or 
actuator  configuration  which  satisfies  the  necessary 
condi ti ons . 


Literature  Survey 


The  literature  survey  will  be  divided  into  three  distinct  sections. 


The  first  section  will  summarize  the  techniques  for  selecting  actuators 
and/or  sensors  to  minimize  (2.3).  The  second  section  will  survey  the 
literature  on  selecting  sensors  to  minimize  (2.2)  and  the  last  section 
will  discuss  sensor  and  actuator  selection  techniques  for  minimizing 
criteria  other  than  (2.2)  or  (2.3). 


2.3.1  SAS  Based  on  a  Quadratic  Cost  Functional 
In  [8],  Johnson  et  al.  propose  a  technique  for  locating  a  fixed 
number  of  noiseless  control  surfaces  (actuators)  on  a  flexible  aircraft 
such  that  the  controller  designed  to  minimize  an  infinite  time  version 
of  (2.3a)  (see  Chapter  3)  achieves  the  smallest  possible  value  of  (2.3a) 
for  the  given  number  of  control  surfaces.  It  is  assumed  that  the  control 
surfaces  can  be  located  across  a  continuum,  and  the  desired  locations 
are  sought  by  using  a  second  order  Newton-Rhapson  technique  to 


update  the  actuator  locations.  The  technique  uses  closed- form  expres¬ 
sions  for  the  first  and  second  variations  of  the  cost  functional  with 
respect  to  the  control  surface  locations,  and  these  expressions  are 
developed  in  the  paper. 

Aidarous,  In  [9],  proposes  a  method  for  locating  a  fixed  number 
of  noiseless  actuators  in  a  continuous  stochastic  0PM  such  that  a 
functional  of  type  (2.3b)  is  minimized.  The  technique  involves  approxi 
mating  the  general  control  functions  (i.e.  u(t)  in  (2.1))  by  a  linear 
combination  of  a  finite  number  of  coordinate  functions.  The  cost 
functional  then  becomes  a  function  of  the  coefficients  in  this  linear 
expansion  of  u(t)  and  the  spatial  coordinates  of  the  actuator  locations 
The  coefficients  and  spatial  coordinates  which  minimize  the  cost  func¬ 
tional  are  then  identified  by  applying  a  gradient-type  algorithm.  The 
algorithm  uses  a  finite  approximation  of  the  system's  Green  function 

i  1 

(very  similar  to  the  impulse  function  for  an  LPM)  and  first  order 
variations  of  the  cost  functional  with  respect  to  the  coefficients  and 
spatial  coordinates  in  order  to  develop  gradient- type  update  equations 
for  the  coefficients  and  spatial  coordinates.  In  [10]  Aidarous  et  al. 
present  the  discrete  time  version  of  the  algorithm  just  discussed. 

The  question  of  locating  a  fixed  number  of  noisy  sensors  and 
noiseless  actuators  so  that  the  controller  designed  to  minimize  a 
functional  of  the  form  (2.3b)  achieves  the  smallest  possible  value  of 
(2.3b)  Is  addressed  by  Ichikawa  and  Ryan  in  [11].  Their  technique 
for  finding  the  optimal  locations  Is  to  adopt  a  finite  dimensional 
eigenfunction  expansion  for  the  operator  A$  in  (2.1)  and  then  plot  the 
value  of  the  cost  functional  for  all  admissible  sensor  and  actuator 


configurations.  The  paper  presented  an  SAS  example  for  the  stochastic 
diffusion  equation  where  measurement  noise  was  assumed  but  process 
noise  was  not  (i.e.  v  (t,s)  +  0,  w(t,s)  =  0  in  (2.1)).  The  problem 
was  to  select  1  out  of  16  possible  actuator  locations  and  1  out  of  16 
possible  sensor  locations  (i.e.  m=I  =  l,m=£  =  16).  The  interesting 
result  from  the  example  was  that  different  optimal  locations  occurred 
when  the  sensor  and  actuator  problem  was  solved  simultaneously  as  opposed 
to  separately  and  the  lowest  cost  value  was  associated  with  the  simultane¬ 
ous  solution. 

Juang  and  Rodriguez,  in  [12],  further  demonstrated  the  effect  that 
actuator  location  can  have  on  the  performance  of  a  closed- loop  regulator 
designed  to  minimize  a  quadratic  cost  functional  of  type  (2.3).  The 
chosen  model  was  an  LPM  for  a  simply  supported  beam  with  no  process 
noise  (i.e.  D  *  0  In  (1.1)).  One  actuator  along  with  one  noisy  sensor 
were  used  in  the  regulator  design.  As  in  the  case  of  [11],  the  optimal 
actuator  location  was  determined  by  plotting  the  value  of  (2.3a)  versus 
the  admissible  actuator  locations.  The  results  showed  that  the  optimal 
actuator  location  was  a  function  of  both  model  complexity  (i.e.  the 
dimension  of  the  LPM  used  to  approximate  the  DPM),  and  the  weights 
choosen  for  the  quadratic  performance  index. 

The  theory  of  Input  Cost  Analysis  (ICA)  and  Output  Cost  Analysis 
(OCA)  was  used  in  references  [13]-[16]  to  pose  algorithms  for  the  selec¬ 
tion  of  m  and  of  m  actuators  and  l  out  of  i  sensors  to  minimize  cost 
functionals  of  type  (2.3a).  The  fundamental  concept  behind  (ICA)  and 
(OCA)  Is  to  determine  the  contribution  that  each  admissible  input  and 
output  is  making  to  the  cost  functional,  and  then  use  this  information 


to  make  sensor  and  actuator  selection  decisions.  The  specific  details 
of  ICA  and  OCA  are  fundamental  to  this  research  and  are  presented  in 
Chapter  5.  In  [13]  and  [14]  Skelton  and  Chiu  lay  the  ground  work  for 
ICA  and  OCA.  Analytic  expressions  are  developed  in  [13]  (for  u(t)  *  0) 
which  specify  the  contributions  that  the  columns  of  D(d-j,  d2,  ...  dp) 
and  columns  of  CT(Cp  ...  ck)  are  making  to  the  cost  functional.  These 
expressions  have  been  labeled  'parametric'  ICA  and  OCA  since  they  involve 
the  coefficients  associated  with  the  inputs  and  outputs.  In  [14]  analy¬ 
tic  expressions  are  developed  (for  u(t)  =  0)  which  specify  the  contribu¬ 
tions  that  the  individual  Inputs  (w. ,  i  *  1,  ...  p)  and  outputs 
(y^»  1  *  1,  ...  k)  are  making  to  the  cost  functional.  The  application 
of  these  results  to  the  more  meaningful  closed-loop  (i.e.  u(t)  f  0)  SAS 
questions  was  achieved  by  Chiu,  Skelton,  and  DeLorenzo  in  [15]  and  [16]. 

Under  the  assumption  that  the  actuators  have  no  noise,  Chiu  in 
[16]  shows  that  increasing  the  number  of  actuators  will  never  increase 
the  cost  functional.  [Theorem  1,  15]  He  also  states  that  increasing 
the  number  of  sensors  will  never  increase  the  cost  functional  [Theorem 
2,  15].  Given  these  results,  Chiu  develops  an  SAS  algorithm  which 
suggests  a  specific  number  of  sensors  and  actuators  as  well  as  specifies 
their  desired  locations.  The  algorithm  uses  closed-loop  ' parameter! c ' 
versions  of  ICA  and  OCA  to  determine  a  suggested  number  of  actuators 
and  sensors  and  then  an  iterative  search  routine  is  used  to  determine 
the  sensor  and  actuator  locations  which  satisfy  the  necessary  conditions 
for  minimization  of  the  cost  functional  as  derived  from  the  matrix  mini¬ 
mum  principle  of  Athans.[46]  The  iterative  search  routine  is  an 
'extended*  version  of  the  search  routine  proposed  by  Chen  and  Seinfeld 
which  will  be  discussed  shortly. 
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In  [16],  Skelton  and  DeLorenzo  developed  closed-loop  (u(t)  f  0) 
analytical  expressions  for  the  contribution  that  each  actuator  (u..), 
process  noise  source  (w. ),  sensor  noise  source  (v..)  and  output  (y..) 
makes  to  the  cost  functional.  These  expressions  were  combined  to  form 
the  actuator  and  sensor  effectiveness  values  mentioned  in  the  introduc¬ 
tion  and  discussed  in  Chapter  5.  The  SAS  algorithm  based  on  these  effec 
tiveness  values  will  also  be  discussed  in  detail  in  Chapter  5  and  is 
not  be  repeated  here.  The  main  differences  between  [16]  and  the  work 
of  Chiu  in  [15]  are  that  noisy  actuators  are  considered  in  [16]  which 
invalidates  [Theorem  1,  15],  the  ‘parametric1  version  of  ICA  and  OCA 
which  is  applied  to  the  closed-loop  situation  in  [15]  produces  calcula¬ 
tions  which  are  mathematically  complex  and  computationally  burdensome 
compared  to  the  non-parametri c  calculations  of  [16],  and  the  iterative 
search  routine  of  [15]  Involves  calculations  beyond  the  closed- loop 
'parametric'  ICA  and  OCA  calculations  while  the  search  routine  in  [16] 
involves  no  calculations  beyond  the  closed-loop  ICA  and  OCA  calculations 

2.3.2  SAS  Based  the  Error  Covariance  Matrix 
References  [17]- [24]  are  concerned  with  locating  a  fixed  number  of 
sensors  in  an  LPM  or  DPM  so  that  either  (2.2a)  or  (2.2b)  is  minimized 
over  all  possible  configurations.  In  [17]  Yu  and  Seinfeld  discuss  this 
problem  for  a  DPM  whose  state  vector  x(t,s)  can  be  represented  by  a 
finite  number  of  eigenfunctions  of  A$.  The  system  then  becomes  essen¬ 
tially  an  LPM  and  it  is  possible  to  develop  an  ordinary  matrix  differen¬ 
tial  equation  for  the  error  covariance  matrix  P  in  terms  of  the  spatial 
coordinate  s.  Yu  and  Seinfeld  then  propose  a  sub-optimal  algorithm 
which  sequentially  locates  sensors  so  that  the  trace  of  the  steady  state 


P  matrix  is  minimized  subject  to  the  constraint  that  only  the  location 
of  the  next  sensor  to  be  added  may  be  varied:  the  previously  located 
sensors  being  assumed  fixed.  The  optimal  location,  for  the  next  sensor 
is  determined  from  the  integration  of  the  ordinary  differential  equation 
for  P  in  terms  of  s.  The  sub-optimality  of  this  algorithm  was  verified 
by  the  work  of  Colantuoni  and  Padmanabhan  in  [25]. 

Chen  and  Seinfeld  develop  an  algorithm  in  [18]  which  locates  l 
out  of  i  sensors  to  minimize  criterion  (2.2.b).  The  algorithm  is, 
iterative  and  searches  for  the  I  sensor  locations  that  satisfy  the 
necessary  conditions  for  minimizing  (2.2b)  as  derived  from  a  distri¬ 
buted  parameter  formulation  of  the  matrix  minimum  principle.  The 
search  routine  requires  no  gradient  calculations,  but  does  require  the 
solution  of  a  partial  differential  Riccati  equation  at  each  iteration 
and  the  calculation  of  a  switching  function  for  all  i  sensor  locations. 
The  switching  functions  are  based  on  the  spatial  integration  of  a 
functional  which  is  quadratic  in  the  P  operator  specified  by  the  cur¬ 
rent  set  of  l  sensors. 

In  [19]  Aidarous  et.  al .  propose  using  a  finite  coordinate  func¬ 
tion  expansion  for  P  and  the  DPM  Green's  function  along  with  a  modified 
conjugate  gradient  algorithm  to  develop  update  equations  for  the  in 
sensor  locations  which  minimize  (2.2b).  The  algorithm  is  essentially 
the  dual  of  the  actuator  selection  algorithms  of  [9]  and  [10].  The 
necessary  conditions  for  the  convergence  of  the  algorithm  in  [19]  is 
presented  in  [20]. 

Kumar  and  Seinfeld  In  [21]  propose  choosing  sensors  to  mini¬ 
mize  the  trace  of  an  upperbound  of  P  where  the  calculation  of  this 


upper  bound  does  not  Involve  the  solution  of  a  partial  differential 
Riccati  equation.  However,  it  does  involve  an  orthonormal  approximation 
to  the  systems  Green's  function.  A  gradient  type  algorithm  based  upon 
this  upper  bound  expression  is  proposed  to  update  the  sensor  locations. 
An  example  which  placed  two  sensors  in  a  one  dimensional  heat  conduction 
equation  is  presented, and  the  results  and  compared  with  the  algorithm 
of  [18].  The  answers  compared  favorably,  and  a  significant  savings  in 
computation  resulted  when  the  upper  bound  criterion  was  used  in  place 
of  P. 

Omatu  et  al.  in  [22]  recommend  adopting  the  following  approximation 
for  P : 


N 

(2.4)  P{t,s^,s2)  *  l  Pij (t)  ♦i  (s.j )  4>j(s2)  ;  N  «  • 

l  ,j*l 


where  the  functions  4^ ,  4^.  are  eigenfunctions  for  Ag.  Using  this 
approximation  and  the  comparison  and  existence  results  for  Riccati 
equations  derived  in  the  paper,  a  set  of  necessary  and  sufficient  con¬ 
ditions  are  developed  for  locating  1  out  of  1  sensors  in  a  DPM  of  type 
(2.1),  (2.2)  so  that  tr(P(t)}is  minimized.  These  conditions  essentially 
Involve  definiteness  comparisons  of  the  matrix  product: 

J 

(2.5)  y  *TMT(t,Si)  V"1(t,si,sj)  M(t.Sj)* 

1 ,  j  *  1 

for  each  admissible  set  of  I  sensor  coordinates,  s.  The  matrix  *  is  an 
Nxi  matrix  of  eigenfunctions  evaluated  at  the  l  spatial  locations.  The 
necessary  and  sufficient  conditions  based  on  (2.5)  do  not  require  the 


calculation  of  a  partial  differential  Rlccatl  equation  or  complex 
gradients  but,  as  posed,  do  require  a  direct  search  of  all  admissible 
sensor  configurations. 

In  [23]  Wei  and  Wu  address  the  problem  of  locating  i  out  of  i 
sensors  for  an  LPM  of  type  (1.1)  to  minimize  criterion  (2.2a).  The 
matrix  maximum  principle  Is  used  to  derive  necessary  conditions  for 
the  sensor  locations.  A  sufficient  condition  which  involves  the 
definite  comparison 

(2.6)  \\W\  l  VjYV* 

is  then  derived  where  the  subscripts  k,  j  represent  admissible  con¬ 
figurations  of  l  sensors.  If  (2.6)  holds  for  some  k  over  all  possible 
configurations  then  k  Is  the  optimal  configuration.  A  direct  search 
algorithm  Is  proposed  to  find  k.  The  results  of  this  paper  are  In 
many  respects  the  LPM  version  of  the  results  of  [22].  Finally,  the 
paper  also  suggested  minimizing  the  trace  of  an  upper  bound  on  P 
instead  of  (2.2a)  In  order  to  avoid  solving  a  Rlccatl  equation  at 
Iteration. 

A  technique  for  adjusting  the  elements  of  the  measurement  matrix 
M  In  (1.1)  was  suggested  by  Arbel  in  [24].  The  goal  of  the  technique 
Is  to  adjust  the  elements  of  M  so  that  a  weighted  trace  of  the  error 
covariance  P  Is  minimized  subject  to  location  constratlns  on  the 
elements  of  M.  The  first  order  variation  of  P  to  each  element  M  is 
calculated  via  a  Lyapunov  type  equation  and  these  variations  are  used 
to  adjust  the  elements  of  the  M  matrix  as  long  as  the  constraints  on 
M  are  not  violated. 


2.3.3  Other  SAS  Criterion 

References  [26]-[43]  pose  SAS  questions  for  criterion  other  than 
the  minimization  of  (2.2)  or  (2.3).  In  many  cases  the  criteria  are 
minor  modifications  of  (2.2)  or  (2.3),  while  the  criteria  choosen  by 
some  references  ([31]-[35])  do  not  apply  to  the  context  of  this  research 
These  references  are  Included,  however,  for  completeness. 

In  [26],  Curtain  and  Ichikawa  propose  the  selection  of  sensors  to 
minimize  both  the  cost  of  taking  a  measurement  and  the  trace  of  the 
covariance  of  the  estimation  error  for  distributed  systems.  No  speci¬ 
fic  form  for  the  cost  of  taking  a  measurement  is  offered,  and  a  direct 
search  technique  Is  used  for  those  distributed  systems  whose  solutions 
may  be  expressed  in  terms  of  eigenfunctions  of  As>  Amouroux  et.  al. 
in  [27]  add  a  term  which  includes  certain  variables  in  the  control  law 
to  the  criterion  (2.2b).  Given  a  fixed  number  of  sensors  in  a  linear 
stochastic  DPM,  these  sensors  are  then  located  to  minimize  the  cost 
functional  of  the  choosen  control  law  variables  and  the  error  covariance 
integral.  A  modified  gradient  algorithm  is  suggested  to  update  the 
sensor  locations. 

In  [28]  Morari  and  O' Dowd  pose  a  sensor  selection  problem  for  a 
DPM  driven  by  non-stationary  noise.  It  is  shown  that.  In  general,  the 
presence  of  non-stationary  noise  makes  the  system  unobservable.  A 
projection  technique  is  derived  which  yields  an  observable  system  and 
a  Kalman-Bucy  filter  for  the  observable  system  is  constructed.  The 
sensors  are  then  selected  to  minimize  the  error  caused  by  the  unobserv¬ 
able  non-stationary  noise  components.  The  criterion  which  accomplishes 
this  is  shown  to  be  the  trace  of  spatial  integral  of  P  for 


the  steady  state  Kalman  filter  of  the  projected, system.  The  criterion 
is  applied  by  using  a  direct  search  of  the  sensor  locations. 

Kosut  et.  al.  discuss  an  SAS  reliability  question  for  a  general 
LPM  with  a  fixed  set  of  sensor  locations  in  [30].  The  "reliability" 
question  is  approached  by  introducing  a  parameter  representing  sensor 
systematic  error  (i.e.  axes  misalignment,  scale  factor  and  bias  error, 
etc.)  Into  the  measurement  equation.  An  optimization  problem  is  formu¬ 
lated  which  places  the  sensors,  with  varying  degrees  of  systematic 
error,  in  the  fixed  locations  such  that  a  lower  bound  on  P(t)  is  mini¬ 
mized.  Necessary  conditions  for  the  optimization  are  derived,  but  no 
technique  of  solution  is  offered. 

The  problem  of  selecting  at  each  instant  of  time,  one  measurement 
provided  by  one  out  of  many  sensors  in  a  linear  stochastic  LPM  is 
addressed  by  Athans  in  [31].  The  criterion  for  selection  is  the  minimi 
zation  of  a  weighted  combination  of  P(t)  and  a  term  reflecting  observa¬ 
tion  cost.  The  observation  cost  term  is  expressed  by  functions  which 
denote  the  per-unit-of-time  cost  of  making  an  observation.  The  problem 
Is  transformed  into  a  deterministic  optimal  control  problem  and  the 
matrix  maximum  principle  is  used  to  derive  the  necessary  conditions  for 
optimality.  A  specialized  gradient  algorithm  is  used  in  obtaining  the 
solution.  In  [32],  Herring  and  Melsa  extend  the  results  of  Athans 
[31]  to  the  selection  of  a  best  combination  of  measurement  devices 
Instead  of  selection  of  a  best  single  device.  A  similar  situation  is 
addressed  In  [33]  where  a  measurement  subsystem  for  a  discrete  time 
linear  decentralized  LPM  is  chosen  from  a  number  of  subsystems.  An 
"ideal"  subsystem  which  minimizes  the  trace  of  the  steady  state  P 


matrix  is  found  and  then  the  existing  subsystem  which  is  closest  to 
this  ideal  subsystem,  as  determined  by  a  certain  information  measure, 
is  choosen. 

In  [34]  and  [35]  the  problem  of  selecting  at  each  instant  of  time 
one  out  of  many  actuators  or  sets  of  actuators  to  achieve  a  desired 
result  is  addressed.  Vanbeveren  and  Gevers,  in  [34],  consider  a  dis¬ 
crete  deterministic  linear  LPM  and  the  minimization  of  a  criterion 
(2.3a).  Propositions  which  specify  when  certain  possible  sequences  of 
actuator  choices  can  be  Ignored  are  proved  and  these  propositions  are 
combined  with  a  proposed  "decision  tree"  method  to  arrive  at  a  solution. 
The  computational  burden  of  this  method  for  large  systems  is  noted  and 
a  suboptimal  "forward-backward"  algorithm  is  proposed  for  this  case. 

In  [35]  Martain  uses  the  theory  of  relaxed  controls  to  solve  the  problem 
posed  in  [34]  for  both  an  LPM  and  0PM.  For  the  LPM,  the  existence  of 
a  solution  is  established  and  necessary  conditions  for  optimality  are 
derived.  A  steepest  decent  gradient  algorithm  is  proposed  to  find  the 
solution  to  the  necessary  conditions. 

In  [36],  Mehra  discusses  placing  a  fixed  number  of  sensors  in  a 
linear  stochastic  0PM.  The  problem  is  to  select  the  sensor  locations 
that  minimize  a  norm  of  the  inverse  of  the  Fisher  information  matrix 
subject  to  a  norm  constraint  on  the  measurement  matrix  (M).  The 
necessary  conditions  for  optimality  are  derived  through  the  lagrange 
multiplier  technique.  However,  a  procedure  for  determining  an  appropri¬ 
ate  measurement  norm  constraint  Is  not  given. 

Placing  a  fixed  number  of  sensors  in  a  matrix  second  order  LPM 
which  is  written  in  modal  form  (i.e.,  mass  matrix  is  identity,  stiffness 


matrix  is  diagonal)  is  considered  by  Buhariwala  in  [37].  The  minimiza¬ 
tion  criterion  Is  a  weighted  sum  of  each  mode's  observability  norm,  and 
the  sensor  locations  that  minimize  this  sum  are  solved  for  by  a  psuedo- 
random  search  algorithm. 

In  [37]  and  [39]  the  problem  of  locating  sensors  in  a  DPM  is  again 
considered.  Ewing  and  Higgins,  in  [38],  recast  the  partial  differential 
equation  for  the  system  in  the  form  of  a  variational  functional.  The 
sensors  are  then  placed  in  optimal  locations  by  choosing  the  set  of 
locations  that  minimizes  the  derived  variational  functional.  A  steepest 
decent  gradient  algorithm  is  used  to  find  the  minimizing  sensor  loca- 
ions,  and  if  only  discrete  locations  are  available  for  the  sensors,  a 
location  constraint  must  be  developed.  In  [39]  Caravani  and  Phi  Ho 
approximate  the  DPM  by  a  finite  eigenfunction  expansion.  They  then 
propose  finding  the  sensor  locations  that  minimize  the  expected  value 
of  the  square  estimation  error  when  the  residual  components  of  the  true 
initial  state  are  allowed  to  vary  within  a  sphere  of  given  radius.  An 
analytical  expression  for  the  above  defined  criterion  is  derived  and  a 
direct  search  algorithm  Is  used  in  a  simple  example  having  one  sensor. 

The  problem  of  locating  actuators  (noiseless)  in  linear  determin¬ 
istic  oscillatory  systems  Is  considered  by  Arbel  and  Gupta  in  [40]  and 
Arbel  In  [41].  The  control  objective  Is  assumed  to  be  open-loop  minimum- 
energy  control  and  the  minimum  energy  value  is  shown  to  depend  directly 
on  the  controllability  matrix.  An  actuator  selection  algorithm  is 
thus  proposed  based  upon  the  minimization  of  a  measure  of  the  control¬ 
lability  matrix.  The  gradient  type  algorithm  requires  the  system  be 
placed  in  Jordan  canonical  form  and  makes  use  of  the  diagonal  dominance 


property  of  the  controllability  matrix  for  systems  in  canonical  form 
[Theorem  1,  40]. 

In  [42]  VanderVelde  and  Carigan  define  a  measure  of  controllability 
which  provides  a  quantitative  indication  of  how  well  a  deterministic 
linear  LPM  can  be  controlled  with  a  given  set  of  actuators.  The  effect 
of  component  unreliability  is  introduced  by  computing  the  expected  value 
of  this  controllability  measure  accounting  for  the  likelihood  of  various 
combinations  of  component  failures.  A  direct  search  algorithm  is  then 
used  to  locate  the  actuators  of  the  system  to  minimize  this 
"control! ability/reliability"  criterion.  The  process  of  defining  this 
criterion  for  a  large  number  of  actuators  and  then  applying  a  direct 
search  or  integer  programming  (for  discrete  locations)  type  algorithm 
is,  as  noted  by  the  authors,  computationally  burdensome. 

Lindberg  and  Longman  in  [43]  discuss  actuator  placement  for  a 
linear  deterministic  LPM.  They  use  the  concept  of  modal  space  control 
developed  by  Meirovitch  et.  al.  but  eliminate  the  need  for  a  large 
number  of  actuators  (i.e.  one  for  each  system  mode)  by  introducing  a 
psuedo-inverse  for  the  control  distribution  matrix  (B+).  The  main 
advantage  of  modal  space  control,  (i.e.  the  elimination  of  the  need  to 
solve  large  order  Riccati  equations)  is  retained.  The  goal 
is  to  locate  the  actuators  In  the  system  to  achieve  minimum  energy 
control,  and  this  is  achieved  by  finding  the  set  of  actuators  which 
minimizes  the  largest  singular  value  of  B+.  Either  a  direct  or 
gradient  search  technique  is  proposed  to  accomplish  the  minimization. 
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2.4  General  Relation  to  the  SAS  Problem 

As  mentioned  in  the  beginning  of  the  Chapter,  none  of  the  criterion 
used  in  the  reviewed  SAS  literature  directly  addresses  the  specific 
steady  state  variance  constraints  (a  ,  y  )  defined  in  (1.8).  The 
criteria  of  (2.2)  and  (2.3)  and  the  other  related  SAS  criteria  all  have 
merit,  and  from  an  intuitive  stand  point,  should  indirectly  attempt  to 
satisfy  (a  ,  y  ).  However,  an  SAS  criterion  which  directly  encompasses 
(a  ,  would  be  more  desirable,  and  the  LQG  weight  selection  algorithm 
in  Chapter  4  provides  one  method  for  achieving  such  a  goal. 

With  the  exception  of  [16],  none  of  the  literature  considered  the 
selection  of  noisy  actuators  (i.e.  B  also  becomes  a  partition  of  D). 

The  results  of  [16]  are  discussed  extensively  in  Chapter  5,  but  have 
shown  that  [Theorem  1,  15]  is  not  valid  when  noisy  actuators  are  con¬ 
sidered.  Therefore,  noisy  actuators  can  significantly  change  the 
complexion  of  actuator  selection  and  merit  consideration. 

Most  of  the  literature  used  some  form  of  gradient  or  direct  search 
technique  to  determine  the  sensors  and  actuators  which  satisfied  the 
necessary  and/or  sufficient  conditions  derived  from  the  particular 
selection  criterion  considered  ([15],  [16]  and  [18]  are  notable 
exceptions).  As  discussed  in  the  introduction,  even  for  a  modest 
number  of  sensors  and  actuators  a  direct  search  of  all  possible  sensor 
and  actuator  locations  becomes  infeasible.  Furthermore,  when  sensor 
and  actuator  selection  is  necessary  for  large  complex  systems  with 
many  admissible  sensor  and  actuator  locations  the  requirement  for  any 
form  of  gradient  calculation  is  severe  and  can  easily  become  prohibitive, 
particularly  if  spatial  Integrations  are  also  required.  A  search 


algorithm  which  does  not  require  direct  search  or  gradient  calculations 
would  certainly  be  desirable  in  the  above  situations  and  only  algorithms 
with  these  properties  were  considered  in  this  research.  The  detailed 
discussion  of  the  approach  this  research  took  to  the  SAS  problem  begins 
with  a  discussion  of  LQG  theory. 


3.0  LQG  THEORY 


As  noted  in  the  Introduction,  an  Important  step  in  the  solution 
of  the  SAS  problem  is  the  specification  of  a  control  law,  and  LQG 
theory  has  been  choosen  to  specify  the  control  law  in  this  research. 

The  theory  originated  in  the  1960's  with  the  foundational  work  of 
Kalman,  Bucy  and  others.  Since  that  time,  many  papers  and  texts  have 
been  written  which  further  clarify  and  expand  the  theory.  References 
[  l]-[  3]  are  a  few  examples.  Section  3.1  contains  the  fundamental 
results  of  LQG  theory  when  applied  to  systems  of  type  S(n,k,m,Ji) 

(l.e.  (1.1  )-(l  .3) )  and  long  periods  of  control  are  required  (t  -*-«»). 

The  proofs  of  the  results  are  omitted  but  are  readily  available  in  the 
previously  mentioned  references.  In  section  3.2  the  LQG  version  of 
the  SAS  problem  is  formulated  and  section  3.3  discusses  the  advantages 
and  disadvantages  of  this  formulation. 

3.1  The  Steady  State  LQG  Controller 
For  a  system  of  type  S(n,k,m,z)  LQG  theory  guarantees  a  stable 
closed-loop  system  and  a  closed-loop  dynamical  controller  (u(z(t))» 

0  <  t  <  t)  which  minimizes  the  following  cost  functional: 

(3.1)  Vn  »  lim  \  >  E  f*1  (yT(t)Qy(t)  +  uT(t)Ru(t) }dt;  Q,R>  0 

0  <Vt0)~  (ti’V  J*0 

The  defining  equations  for  this  steady-state  controller  are  as  follows: 


(3.2a)  u(t)  -  -R-1BTKx(t)  -  Gx(t) 


(3.2b) 


(3.2c) 


(3. 2d) 


x(t)  *  A  x(t)  +  Fz(t)  ;  F  -  PmV1  ;  Ar  *  A  +  BG  -  FM 

w  L 

■  xo 

KA  +  ATK  -  KBR-^ +  C^QC  *  0;  (Control  Riccati  Equation) 

(i .e.  lim  K(t)  »  K) 

t-H» 


PA  +  AP  -  PM^V'^MP  +  0WDT  =  0  ;  (Filter  Riccati  Equation) 

(i .e.  lim  P(t)  *  P) 
t-*» 


Substituting  this  controller  Into  S(n,k,m,£),  the  following  2n  dimen¬ 
sional  closed-loop  system  results: 

x  ■  Ax  +  8w  ;  x  *  (xT  xT)T  w  *  (wT  vT)T 

(3.3a) 

y  *  Cx  ;  y  =  (yT,  uT)T 

where. 


A 

"A  BG“ 

a  C  (T 

(3.3b)  A  = 

_FM  Ac_ 

4 

;  B  * 

i_0  F_ 

;  C  = 

_0  G_ 

and 

ti  Q  0" 

(3.3c)  V  •  lim  1—e  yJ(t)Qy(t)  dt  ; 

0  (+  -f  w  Jt  n  a 


Given  the  noise  characteristics  of  S(n,k,m,£),  the  steady-state  variance 
matrix  for  S(2n,  k+m,  m+£,  0)  is  known  to  be: 
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(3.4)  E_((x  -  0) (x  -  0)T>  »  EJx  xT>  = 


X+P  X 


X  X 


where. 


(3.5)  X  -  lira  X(t)  «  E  {(x  -  0)(x  -  0)T}  =  E  {x  xT>  , 


and  is  the  solution  of  the  following  steady-state  Lyapunov  equation: 


(3.6)  X(A  +  BG)T  +  (A  +  BG)X  +  PMTV-1MP  *  0 


Also,  coupling  the  definition  of  x  In  (3.3a)  with  (3.4)  gives. 


(3.7)  X  -  11m  X(t)  *  E  (x  x  }  *  X  +  P 

t-H» 


Assuming  that  the  weighting  matrices  of  VQ  in  (3.1)  are  strictly 
diagonal,  and  using  the  results  of  (3.2)-(3.6)  along  with  some  linear 
albegra,  the  following  sequence  of  manipulations  of  1/  produces  a 
useful  result.  First,  using  the  fact  that  xTAx  =  tr{xxTA},l/o  becomes: 


(3.8)  1/ 


tl 

11m  I*  \  \  tr  f  [CX(t)CTQ  +  R-1BTK(t)X(t)K(t)B]dt 

h-t0)-  ‘W  Jt0 


Since  (t-|-t0)-H»,  the  value  of  will  be  dominated  by  the  steady  state 
portion  of  the  Integral  In  (3.8)  and  the  LQG  controller  must,  there¬ 
fore,  minimize  the  following  expression  al so:  [1 ] 


(3.9)  V 


t] 

-  11m  rrVr  tr  I  [CXCTQ  +  R-1BTKXKB]dt 

(t,-t0)-'W  Jt0 


The  integrand  of  (3.9)  is  now  time- invariant  and  this  means  (3.9) 
can  be  written  as: 


a 


i 


(3.10)  V  *  tr[CXCTQ  +  R’VlCXKB]  , 


which  is  directly  equivalent  to  the  following: 


(3.11a)  V  *  tr[E  {yyT}Q  +  E „{uuT}R]  , 


or  the  more  well  known  form 


(3.11b)  V  *  E  ryTQy  +  uTRu] 


Envoking  the  assumed  di agonal ity  of  Q  and  R  yields  the  following 
useful  expression  which  the  LQ6  controller  is  known  to  minimize. 


$ 

i! 


is.  />  ill  a 

(3J2)  l'*J1E-yiqi  +  i|1E-ui2ri 


where  q^  and  r.  represent  the  iw  diagonal  entries  of  Q  and  R  respec¬ 
tively. 

3.2  LOG  Theory  and  the  SAS  Problem 

2  2 

The  two  key  quantities  in  the  SAS  problem  are  E and  Ej^  . 
As  might  be  guessed  from  the  results  of  the  previous  section,  analytic 
expressions  for  these  quantities  are  readily  obtained  when  an  LQG 
controller  is  used  for  the  system  S(n,k,m,t).  The  expression  for 

may  be  derived  as  follows.  By  definition,  y^(t)  can  be  written 


T  th  0 

where  Is  the  i  row  of  C.  Therefore,  y^(t)  becomes 

(3.14)  y12(t)  »  (ciTx(t) ) (ciTx(t) )  , 

or  since  the  transpose  of  a  scalar  is  still  the  scalar: 

(3.15)  y.j2(t)  *  ciTx(t)xT(t)c1 

Letting  t-*«»,  taking  the  expectation  of  (3.15)  and  making  use  of  (3.7), 
the  desired  expression  for  E^.  results: 

(3.16)  Ej.2  =  CiT  (X  +  P)  Ci  . 

2 

The  derivation  for  E^.  procedes  in  a  similar  fashion  by  first 
using  (3.2a)  to  develop  this  expression  for  u^ : 

(3.17)  u^(t)  *  -r.j”1b;.TKx(t) 

J.U  o 

where  b^  Is  the  1  column  of  B.  Then,  u^  (t)  can  be  written  as 

(3.18)  u12(t5  -  ri'2b1TKx(t)xT(t)Kbi  , 

where  the  fact  that  K  ■  KT  (l.e.  matrix  Riccati  solutions  are  symmetric) 

has  been  used.  Letting  t-*»  and  taking  the  expectation  of  (3.18) 

2 

results  in  the  following  analytic  expression  for  E^  : 
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(3.19)  Ecoui2  *  r^2  bi TKXKb.  . 

It  should  be  noted  that  (3.16)  and  (3.19)  are  Implicit  functions 

of  the  weighting  matrices  Q  and  R  and  that  (3.16)  is  an  explicit  func- 

tion  of  r,j.  Therefore  the  values  of  E^..  and  E^  may  be  changed 

by  adjusting  the  components  of  Q  and  R.  In  fact,  the  following  general 

trends  are  known.  Increasing  (decreasing)  r^  will  decrease  (increase) 

Ejj.,  while  causing  a  general  increase  (decrease)  in  the  remaining 

o 

E.Uj,  j  f  i  and  a  general  Increase  (decrease)  in  ,  1  »  1,  ...  k. 
Similarly  increasing  (decreasing)  will  decrease  (increase)  E j/f 
while  causing  a  general  decrease  (increase)  in  the  remaining  E j/., 
j  f  1  and  a  general  Increase  (decrease)  In  Ej^.2,  i  -  1,  ...  m. 

Incorporating  the  LQG  theory  of  (3.2)-(3.7)  and  the  expressions 
(3.16)  and  (3.19)  into  the  SAS  problem  defined  in  the  introduction 
produces  the  following  parameter  optimization  or  non-linear  program¬ 
ming  problem  which  will  be  referred  to  as  the  SASLQG  problem. 

SASLQG  Problem  Statement 

Given;  A  system  of  type  S(n,k,m,i.)  which  has. only  m 

out  of  m  actuators  and  l  out  of  i  sensors 

available  for  the  design  of  a  steady  state 

2  2 

LQG  regulator  which  must  achieve  (o  ,  u  )• 

Regui red :  Specify  the  closed-loop  system  which  satisfies 
the  following  Input-constrained  or  output- 
constrai ned  requi rements : 

Input-constrai ned 

2  2 

If  (o'  t  ji  )  are  achievable. 
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(3.20a) 

Min  ^ 

2-2 

subject  to  Ejij  -  y^  V-  i  *  1 ....  m 

else. 

(3.20b) 

M|"  j,  E-*i  V 

V-1:  Ej*  >  o* 

2 

Subject  to  Ej^  * 

-  2 

y .  V-  i  3  1 ,  . . .  m 

OutDut-constrai ned 

2  2 

If  (a  ,  y  )  are  achievable. 

(3.21a) 

m  o  o 

Min  l  E«ur/  ^ 
Si-11  1 

else. 

subject  to  E^2  *  af  ¥■  i  »  1,  ...  k 

(3.21b) 

• 

m  o  _  p 

Min  J 

S  1=1  1 

*1:  Ec#ui2>y12 

2 

Subject  to  Ej'.j  * 

V-  i  3  1,  ...  k 

The  essential  difference  between  the  SAS  problem  and  the  SASLQG  problem 
Is  that  the  SAS  problem  Is  requiring  the  best  choice  of  sensors  and 
actuators  and  controller  structure  to  achieve  (a  ,  y  ),  while  the 
SASLQG  problem  assumes  an  LQG  controller  and  looks  for  the  best  choice 
of  sensors  and  actuators  to  achieve  (a  ,  u  ).  There  is  no  guarantee 
that  the  SASLQG  problem  is  the  solution  to  the  SAS  problem. 


3.3  LQG  Theory  Advantages  and  Disadvantages 

In  light  of  the  discussion  of  Section  3.2,  the  advantages  and 
disadvantages  of  the  LQG  approach  to  the  SAS  problem  can  be  summarized. 

Advantages  of  the  LQG  Approach  to  SAS 

(1)  LQG  theory  provides  a  closed-loop  linear  dynamical 
controller  and  necessary  and  sufficient  conditions 
for  closed-loop  assymptotlc  stability  (i.e.  (1.3)) 

(2)  The  controller  computations  of  (3.2)  and  (3.6)  are 
straight  forward  (non-iterative)  and  the  constant 
gain  matrices  are  easy  to  Implement. 

2  2 

(3)  Analytical  expressions  exist  for  Ejjj  and  E^ 
and  require  no  additional  major  calculations  beyond 
those  for  the  controller. 

(4)  The  values  of  Ejj^2  and  Ej^2  can  be  changed  by 
adjusting  the  components  of  Q  and  R  and  those 

Q  and  R  adjustments  do  not  effect  the  filter 
Rlccati  solution  P  (3. 2d)  (I.e.  the  separation 
theorem  applies). 

Disadvantages  of  the  LQG  Approach  to  SAS 

(1)  The  method  for  adjusting  the  elements  of  Q  and  R  to 

2  2 

achieve  desired  changes  in  E^  and  E has,  in 
the  past,  been  trial  and  error. 

(2)  Solution  of  the  SASLQG  problem  does  not  guarantee 
that  the  SAS  problem  has  been  solved,  (i.e. 
another  control  structure  might  do  better) 

(3)  The  order  of  the  controller  Is  usually  the  order  of 
the  model  (for  exceptions  see  [64]). 
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Disadvantage  (1)  has  been  eliminated  by  the  Q  and  R  selection 
procedure  developed  in  this  research  and  presented  in  Chapter  6.  Also, 
the  sensor  and  actuator  effectiveness  values  derived  in  Chapter  5  are 
fundamentally  rooted  in  LQG  theory  and  provide  another  major  incentive 
for  using  LQG  theory  in  the  SAS  problem.  Concerning  disadvantages  (2) 
and  (3),  they  have  been  treated  as  'current'  necessary  evils  for  gain¬ 
ing  insight  into  the  SAS  problem.  Before  continuing  with  the  develop¬ 
ment  of  the  actuator  and  sensor  effectiveness  values  and  the  weight 
selection  algorithm.  Chapter  4  will  discuss  the  physical  systems  choosen 
for  practical  application  of  this  research  and  define  their  models. 


4.0  THE  LARGE  SPACE  STRUCTURE  (LSS) 


The  design  algorithm  developed  by  this  research  for  the  SASLQG 
problem  has  been  tested  on  two  substantial  LSS  models.  The  results 
are  presented  In  Chapter  7,  while  the  details  of  the  models  are  pre¬ 
sented  in  this  chapter.  Section  4.1  contains  a  general  description 
of  an  LSS  and  Its  typical  mission  and  control  requirements.  The 
general  DPM  for  an  LSS  and  an  outline  of  a  technique  which  generates 
a  matrix  second  order  ordinary  differential  equation  from  the  DPM  is 
presented  in  Section  4.2.  In  Section  4.3  a  model  of  type  S(n,k,m,*) 

Is  developed  for  the  hoop  column  antenna  satellite  from  finite  element 
NASTRAN  data,  and  a  specific  SAS  problem  for  the  hoop  antenna  is  then 
posed.  The  S(n,k,m,i.)  model  for  a  solar  optical  telescope  is  presented 
In  Section  4.4  and  an  SAS  problem  is  also  posed  for  this  model. 

4.1  Genenal  LSS  Description  and  Mission 
The  recent  successes  of  the  Space  Shuttle  has  made  the  large 
space  structure  (LSS)  an  imminent  reality.  These  future  space  struc¬ 
tures  will  be  measured  in  kilometers  and,  of  necessity,  will  be 
lightweight  and  highly  flexible  (light  damping).  Standard  LSS  missions 
will  include  power  generation,  surveillance,  astronony,  and  communica¬ 
tions.  These  missions  will  require  stringent  pointing  accuracy,  shape 
control  and  vibration  suppression.  To  satisfy  the  demanding  mission 
requirements  the  LSS  may  require  an  active,  regulator-type  controller 


with  multiple  sensors  and  actuators  located  throughout  the  structure 
[67]  -[72].  Furthermore,  given  the  size  of  an  LSS,  there  will  be  a 
large  set  of  admissible  sensor  and  actuator  locations.  The  controls 
engineer  Is  then  faced  with  the  problem  of  determining  where  to  locate 
a  limited  number  of  sensors  and  actuators  to  'best'  achieve  the  LSS 
mission  (l.e.  he  must  solve  the  SAS  problem!)  Therefore,  the  problem 
of  regulating  an  (LSS)  presents  an  excellent  proving  ground  for  SAS 
techniques.  For  this  reason  two  LSS  models  have  been  chosen  to  test 
the  SAS  design  algorithm  proposed  by  this  research.  Their  descriptions 
follow. 


4.2  The  LSS  Model 

The  problem  of  modeling  an  LSS  Is  well  discussed  In  the  literature. 
A  representative  example  Is  [67].  The  modeling  process  centers 

around  discretizing  a  system  of  partial  differential  equations  of  the 
following  form: 


^  „(s)  +  ps  Mpi  +  a$  n(t,s)  -  ^(s-sfjf^t) 


(4.1)  ^  y(t,s)  ■  cpn(t,s)  +  cr  3n-^|S)  ;  y,  cp,  creRk  (system  outputs) 

s  3fl(t,S^) 

z(t)j  •  mp  a(t,  sp  +  mr  — ^ -  ;  j  =  1,  ...* 

(system  measurements) 


where,  as  In  (2.1),  s  represents  the  spatial  coordinates  defined  in  the 
domain  S.  The  quantity  n(t,s)  represents  the  translational  and  rota¬ 
tional  motions  for  each  point  In  S  and  could  be  a  vector  but  for 
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notational  simplicity  it  will  be  assumed  scalar.  The  expression 
m  . 

I  5(s-s?)  f^u.ft),  where f4  is  a  scalar  influence  coefficient,  is 
i-1  1  1  1 

used  to  represent  the  forcing  functions  of  m  actuators  located  at 
points  s*,and  m(s)  is  the  mass  density  which  is  positive  and  bounded 
on  S.  A$  is  a  time- in variant  symmetric,  non-negative  differential 
operator  and  Is  assumed  to  have  a  discrete  spectrum  defined  by: 

^(s)  -  ^  (s)  ;  1*1,2,...* 

(4.2a) 

As1/2  ♦j(s)  *  Xi1/2  ^(s)  ;  1  =  1,2,  —  ~ 

and  the  eigenfunctions  <fr..(s)  in  (4.2)  are  assumed  to  be  orthogonal  with 
respect  to  m(s)  which  Implies  the  following: 

fm.  when  i  *  j 

(4.2b)  j  m(s)  tj(s)  <j>.j(s)ds  »  , 

CO  otherwise 

The  operator  generates  the  damping  term  for  the  structure  and  is 
currently  not  well  understood.  It  usually  consists  of  a  skew  symmetric 
part  which  represents  gyroscopic  damping  due  to  on-board  rotors  or  a 
constant  spin  of  the  LSS,  and  a  small  symmetric  part  which  represents 
the  Internal  structural  damping  [68].  It  Is  this  symmetric  part  of 
which  Is  hardest  to  understand,  and  for  mathematical  convenience 
It  Is  usually  modeled  as: 

(4.3)  l?s  (symmetric)  ■  lx,  (i.e.  similar  to  2cw  for  an  LPM) 


The  symbol  5  is  taken  to  be  a  matrix  of  damping  ratios  the  components 
of  which  are  small  (i.e.  around  .005).  The  vector  y(t,s)  in  (4.1) 
represents  the  outputs  of  the  system  which  are  to  be  regulated.  They 
are  represented  by  linear  combinations  of  position  (cpQ(t,s))  and  rate 
(cr  ,  where  cp  and  cr  are  assumed  to  be  constant  kxl  vectors. 

The  sensor  information  z(t)  for  (4.11)  is  assumed  to  be  provided  by  a 
set  of  1  sensors  located  at  points  s!  which  measure  both  position  and 

J 

rate.  For  the  i^  position  measurement,  the  rate  influence  coefficient 

m„  will'  be  zero,  and  for  the  i**1  rate  measurement  m  will  be  zero. 
ri  pi 

It  should  also  be  noted,  that  for  the  moment,  actuator  and  sensor 

noise,  along  with  model  uncertainty  have  been  neglected. 

If  the  Vs  operator  is  assumed  to  have  no  gyroscopic  terms,  and 

(4.3)  is  used  to  represent  Vs  the  instantaneous  position  of  the  LSS  can 
be  represented  by  an  infinite  sum  of  the  orthogonal  eigenfunction  of 

A  with  strictly  time  varying  coefficients. 

(4.4)  fl(t,s)  *  l  q.(t)  <fr.(s)  ; 

i*l 

Substituting  (4.4)  into  (4.1)  and  successively  multiplying  by  (j».(s) 

v 

and  integrating  over  S,  the  LSS  may  be  represented  by  the  following 

infinite  set  of  ordinary  differential  equations  when  the  orthogonality 

of  (m(s)  <fr.j(s)  ♦j(s))  along  with  the  spectrum  definitions  for  A$  and 

A  1/2 
Ms 


are  used. 


t  •  •  • 


(4.5) 


mjqj(t)  +  2tj*j1/2qj(t)  +  q(t)  *  j[  ♦j(s?)fiui(t)*» 

qq  00 

y(t,s)  «  Cp  £  ♦1 (s)q1 (t)  +  cr  J  ♦i (s)qi (t)  ; 

00  00 

Zj(t)  -  nip  l  ♦i (Sj )qi (t)  +  mr  l  ♦i(Sj)qi(t)  ;  j  *  1,  ...  i 

j  1*1  j 


Three  points  of  Interest  arise  In  (4.5).  The  first  being  that  the 
output  y(t,s)  Is  still  a  vector  of  both  time  and  space  and  usually 
represents  such  things  as  line-of-sight  (LOS)  angles,  defocus  lengths, 
shape  Information  etc.  For  practical  reasons,  usually  from  a  control 
design  standpoint.  It  Is  necessary  to  discretize  y(t,s)  In  a  manner 
similar  to  z(t).  I.e. 


(4.6) 


yj(t> 


'j  1=1 


^(s^q.-U)  +  c  l 

1  J  1  rj  1=1 


<fr1(sj)qi(t) 


j=l,  ...  k 


The  quantities  c„  and  c„  represent  the  element  of  c„  and  c 
pj  j  P  r 

respectively. 

The  second  point  of  Interest  In  (4.5)  Is  that  Infinite  sums  are 
Involved  which  again,  from  a  practical  stand  point,  cannot  be  handled. 
To  alleviate  this  problem,  some  form  of  the  model  analysis  can  be 
performed  to  choose  a  finite  number  (N)  of  eigenfunctions  and  eigen¬ 
values  (I.e.  modes)  to  represent  the  LSS.  With  this  modal  truncation, 
(4.5)  and  (4.6)  can  be  written  as  follows: 
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Mq(t)  +  Pq(t)  +  Kq(t)  *  Fu(t)  ;  qeK 


j  y(t)  *  [cp  cR] 

(4.7)  <  q(t) 


z(t)  »  [Mp  MR] 


jq(t) 


Where  M  Is  an  NxN  diagonal  matrix  with  m. ,  j  =  1,  ...  N  on  the  diagonal 

J 

The  elements  of  q(t)  are  the  N  q_.(t)'s  associated  with  the  N  choosen 
modes  and  the  matrices  V  and  K  are  NxN  diagonal  matrices  containing 
the  following  data  for  the  selected  modes: 


(4.8)  V  «  diag  [2  x//Z  ....  2  cN  y/Z] 


(4.9)  K  *  diag  [X-j  ....  x^] 


The  matrix  F  is  an  Nxm  matrix  whose  elements  consist  of  eigenfunctions 
evaluated  at  the  actuator  locations. 


(4.10)  F 


(S1  )f  1  *MS2^2  ***•  <Msm)fi 


$N(si)fi 


The  matrices  Cpt  CR,  Mp,  MR  have  the  following  structure; 


.••w-  I 


•  •  ft  m  m  m  rn  '  m  .  '  i  '  •  *  »  *  •  ■  <  ~  •  ■  *  •  •  *  *  *  * 

'  *•* .V-.V.W V.W ■-  ^  A  *• 
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sOTfOTTOT*  on*  w  -.J  ■■.*  ■.v  -/  ifi*  irsr 

,-y 

■V, 

£ 


•'."jrjir’  *r  ■■-•.  -»;••.  -  -i 


(4.10)  Cp 


CPl  *1(S1)  CPl  *2(sl>  • 


CP|(  »l(sk> 


*  *  Cp1  *N 


<*?>1 


CPk  *N(sk> 


(4.11)  C.  - 


Cr1  cr,  •  •  •  -  cri*N^sl*yl 


(4.12)  M, 


♦l<# 


"V,  *1*s1>  "V,  *2<sl'  •  •  •  •  mp  *N(sl) 


%  ♦l(st> 


(4.13)  Mr 


m 


r j  mri  *2^1  ^  *  •  *  *  mr1  ♦N^sl) 


fflra  VS*> 


The  final  point  of  interest  concerning  (4.5)  is  that  it  requires 
the  exact  eigenfunctions  for  the  LSS.  Even  when  Ps  is  assumed  equiva¬ 
lent  to  (4.3)  and  the  LSS  eigenfunctions  become  just  the  eigenfunctions 
of  A$  the  exact  determination  of  these  eigenfunctions  is  essentially 
impossible  due  to  the  size  and  complexity  of  the  LSS  structure.  How¬ 
ever,  a  very  useful  technique  known  as  finite  element  analysis  has 
been  developed  to  provide  an  estimate  for  a  finite  number  of 


»-•  ;«)  'sL\V* 


y'- a-'- s'  «-‘  |JV  k£  o  «-'  vl  fcA-l  oVl  v3  oV'  .  »\ AA  i'.  i Vj.  ..1. 


eigenfunctions  at  discrete  points  in  the  spatial  domain  ( (s ^ ) ,  i=l, 
...N,  j=l,  ...a)  and  corresponding  eigenvalues^.. ,  i=l,  ...  N).  The  tech¬ 
nique  basically  involves  approximating  the  spatial  domain  S  of  the  LSS  by 
a  finite  number  of  meshes  of  particular  shapes  and  well  defined  struc¬ 
tural  properties.  These  meshes  are  then  patched  together  by  a  matching 
of  the  individual  mesh  boundary  conditions, and  the  eigenfunction 
estimates  at  each  of  the  nodes  (mesh  comers)  are  then  derived.  The 
number  of  eigenfunctions  that  can  be  estimated  and  the  accuracy  of 
the  estimation  is  a  direct  function  of  the  number  and/or  complexity 
of  the  meshes;  while,  the  number  of  discrete  points  (a)  at  which  the 
eigenfunctions  are  estimated  is  equal  to  the  number  of  nodes.  The 
finite  element  method  is  essentially  a  practical  extension  of  the 
Galerkin  numerical  technique  for  approximating  the  solution  of  a  partial 
differential  equation.  The  method  is  particularly  suited  for  use  with 
a  high-speed  digital  computer  and  computer  programs  such  as  NASTRAN 
have  been  used  to  provide  approximate  modal  information  for  complex 
structures  that  defy  analytical  solutions. 

A 

The  N  approximate  eigenfunction  ^(s^)  produced  from  finite  element 
analysis  can  be  directly  substituted  for  the  N  exact  mode  shapes  ^(s) 
used  to  develop  (4.7)  and  this  model  can,  with  some  degree  of  confidence, 
be  used  to  represent  the  LSS  for  control  design  purposes.  [73] 

One  last  modification  to  the  model  of  (4.7)  is  usually  desirable. 
Since  M  Is  known  to  be  a  positive  definite  matrix  and  K  is  at  least 
positive  semi -definite  a  unitary  transformation  (T)  can  be  applied  to 
M  and  K  which  produces  the  following  result: [74] 


(i.e.  NxN  Identity  matrix) 


T'MT  >  I, 

(4.14)  and 

T  2  2 

T  KT  3  A  where  A  =  diag  (a»j  »  ...  u>N  ) 


2  2 

where  uj  ,  ...  are  the  frequencies  of  modal  motion.  Therefore, 
using  the  coordinate  transformation  q  =  Tn  (4.7)  becomes: 


n  +  tVt  n  +  An  3  T^F  u(t)  neR^  ,  ueR1 


m 


y(t)  3  [CpT  CRT] 


yeR* 


(4.15a) 


i  n 


2(t)  3  [MpT  MrT]  ^ 


ZeR 


where , 

\  _TTPT  3  diag  ...  2?o>N] 


The  second  order  model  of  (4.15a)  can  be  readily  converted  to  a  state 
space  model  of  type  $(2N,kfm,z)  by  defining  xT  »  [nT  nT].  This  con¬ 
version  Is  shown  in  (4.15b). 


x(t)  3  Ax(t)  +  Bu(t) 
|y(t)  3  [Cp  CR]Tx(t) 


xeR2N  ,  ueR1” 


yeR" 


ZeRx 


(4.15b) 


z(t)  3  [Md  Mp]Tx(t) 


4.3  The  Hood  Column  Antenna 


Figure  4.1  is  a  schematic  of  NASA's  proposed  hoop  column  antenna 
communications  satellite. 


Column 


•  NODE  (location) 


m 


Hoop(64m.diaJ 


Solar  Array 


Figure  4.1:  Hoop  Column  Antenna 


The  antenna  will  be  positioned  in  a  geosynchronous  orbit  with  the 
mission  of  the  control  system  being  to  maintain  the  focus  and  orienta¬ 
tion  of  the  satellite.  The  nodes  shown  on  the  schematic  identify  the 
spatial  locations  (sp  which  have  been  choosen  to  define  24  system 
outputs  that  are  critical  to  the  antenna  focus  and  orientation.  The 
nodes  also  Identify  the  spatial  locations  (s|)  for  39  admissible 
sensors  and  the  column  nodes  2,  6,  9,  10  represent  the  spatial  locations 
(s*)  for  12  admissible  actuators.  Tables  4. 1-4.3  represent  specific 
location,  type  and  orientation  Information  for  the  outputs  and  admis¬ 
sible  sensors  and  actuators. 
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Table  4.1:  Hoop  Column  Output  Description 


Output# 

Type 

Nodal  Location 

D1 recti on 

1 

Inertial  Angle 

2 

X 

2 

II 

2 

Y 

3 

it 

2 

Z 

4 

Relative  Angle  Between 

10  and  2 

X 

5 

II 

II 

Y 

6 

Inertial  Angle 

10 

Z 

7 

Relative  Linear  Dlsp.  Between 

6  and  2 

X 

8 

II 

It 

Y 

9 

II 

9  and  2 

X 

10 

II 

II 

Y 

n 

II 

10  and  2 

X 

12 

II 

II 

Y 

13 

II 

101  and  10 

X 

14 

II 

II 

Y 

15 

II 

II 

Z 

16 

II 

107  and  10 

X 

17 

II 

II 

Y 

18 

II 

II 

Z 

19 

It 

113  and  10 

X 

20 

II 

II 

Y 

21 

II 

II 

Z 

22 

II 

119  and  10 

X 

23 

II 

II 

Y 

24 

II 

II 

Z 

i? 


Table  4.2:  Hoop  Column  Sensor  Description 


Sensor# 

Type 

Nodal  Location 

Direction 

1 

Inertial  Angle 

2 

X 

2 

II 

II 

Y 

3 

II 

II 

Z 

4 

Relative  Linear  Disp.  Between 

6  and  2 

X 

5 

II 

II 

Y 

6 

II 

II 

Z 

7 

n 

9  and  2 

X 

8 

ii 

II 

Y 

9 

ii 

ii 

Z 

10 

ii 

10  and  2 

X 

11 

ii 

II 

Y 

12 

ii 

II 

Z 

13 

Inertial  Angle 

10 

X 

14 

11 

II 

Y 

15 

u 

11 

Z 

16 

Relative  Linear  Disp.  Between 

101  and  10 

X 

17 

II 

li 

Y 

18 

II 

II 

Z 

19 

l» 

107  and  10 

X 

20 

II 

ll 

Y 

21 

II 

II 

Z 

22 

II 

113  and  10 

X 

23 

II 

u 

Y 

24 

II 

ll 

Z 

25 

II 

119  and  10 

X 

26 

II 

II 

Y 

27 

l< 

II 

Z 

28 

Inertial  Angular  Rate 

2 

X 

29 

II 

II 

Y 

30 

II 

II 

Z 

31 

II 

6 

X 

32 

II 

II 

Y 

33 

II 

II 

Z 

34 

II 

9 

X 

35 

II 

II 

Y 

36 

II 

II 

Z 

37 

II 

10 

X 

38 

II 

II 

Y 

39 

II 

II 

Z 

Table  4.3:  Hoop  Column  Actuator  Description 
Actuator  (Torque r)#  Nodal  Location  Direction  of  Torque 
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♦ 


2  2 

The  regulation  specifications  (a ,  y  )  assumed  for  the  hoop-column  are 
defined  in  (4.16). 


for  linear  displacements  outputs  .158  mm 

for  angular  outputs  22.8  sec 

for  all  actuators  10  dn-cm 

4.3.1  Hoop  Column  NASTRAN  Data  and  Model 
The  NASTRAN  data  used  In  this  research  to  develop  the  hoop  column 
model  was  generated  by  the  Harris  Corporation  in  early  1981.  The  data 
consisted  of  an  estimate  of  the  first  18  eigenfunctions  for  all  6 
degrees  of  freedom  In  the  hoop  (l.e.  translations  and  rotations  In  the 
coordinate  directions  x,  y,  z).  The  6  degrees  of  freedom  change  the 
notation  of  section  4.2,  and  these  changes  are  documented  In  Table  4.4. 
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Table  4.4:  Multidimensional  &(t,s)  notation 
n(t,s),  <fr. (s)  become  6x1  vectors 

m  ,  m  become  mj  ,  nJ  (1x6  vectors) 
pj  rj  pj  rj 

cp  and  cr  become  kx6  matrices 

c  ,  c  become  cj  ,  cl  (1x6  vectors) 
pj  rj  pj  rj 

becomes  a  6x1  vector 
4j(s^)  becomes  $T(s*)  a  1x6  vector 


Also,  the  eigenfunction  estimates  were  normalized  by  the  mass  density 
and  this  means  that  (4  7)  automatically  assumes  the  form  of  (4.15) 
without  need  of  the  transformation  in  (4.14).  A  sketch  of  the  calcula¬ 
tions  necessary  for  selected  elements  of  the  matrices  F,  Cp,  Mp,  and  MR 
will  be  provided  by  first  noting  that  Cp,  Mp,  MR,  and  F  can  be  written 
as  follows: 

Cp  »  Cp  $(sy)  ; 


where  4.  represents  the  linear  shape  function  in  the  x  direction,  and 
x 

<j>.  represents  the  angular  shape  function  in  the  x  direction. 

\ 

(4.19)  Mp  *  M  *(ss)  ;  Mr  -  Mr  *(ss) 


where  Mp  and  MR  have  the  same  format  as  Cp  with  cj  changed  to  mj 

T  s  i  1 

or  mD  respectively  and  *(s  )  is  equivalent  to  t(s*)  with  output 
K1 

V  s 

locations  sJ  changed  to  sensor  locations  s  . 


(4.20) 


F  *  ♦T(sa)f 


where  f  = 


m 


The  matrix  «T(sa)  Is  the  transpose  of  ^(s^)  in  (4.18)  with  sy  changed 
to  sa.  It  should  be  noted  that  no  rate  information  (i.e.  n)  is  requir¬ 
ed  in  the  hoop-column  output  vector  and  therefore  CR  *  0.  Table 

4.5  displays  the  first  four  rows  of  C_  (i.e.  ,  i  =  1,2,3, 4),  the 

P  P-j 

first  four  and  last  four  rows  of  Mp  and  MR  (i.e.  mp^  and  mR>). 
and  the  first  24  and  last  6  entires  of  f.  The  first  four  rows  of 
Cp  correspond  to  the  first  four  outputs  defined  In  table  (4.1). 
Similarly,  the  first  four  and  last  four  rows  of  Mp  and  MR  correspond 
to  the  first  four  and  last  four  measurements  defined  in  table  (4.2). 
The  first  24  entries  In  f  correspond  to  the  first  four  actuators  and 
the  last  6  entires  correspond  to  the  last  actuator  as  defined  in 
table  (4.3). 

Combining  the  information  provided  in  table  4.5  and  (4. 1 8)- (4.20) 


with  the  NASTRAN  eigenfunction  and  eigenvalue  data,  a  model  of  type 


Table  4.5:  Partial 

Representation 

of  Cp »  Mp,  MR, 

and  f 

cl  -  [000100 
K1 

000000 

000000 

000000 

000000] 

cl  -  [000000 
p2 

000010 

000000 

000000 

000000] 

cl  -  [000000 
k3 

000000 

000001 

000000 

000000] 

cl  »  [000-100  000000 
*4 

000000 

000100 

000000] 

nil  -  [000100 
P1 

000000 

000000 

000000 

000000] 

§ 

o 

8 

o 

L—J 

N 

CM 

000010 

000000 

000000 

000000] 

nip  «  [000000 

000000 

000001 

000000 

000000] 

ini  -  [-100000  000000  000000 

-T 

-  mR^  all  zero  rows 

nip  -  nu,  all  zero  rows 

*36  *39 

100000 

000000] 

ml  -  [000000 
k36 

•  •  •  • 

000001 

000000 

000000 

000000] 

** 

mR37  -  [000000 

•  •  •  • 

000000 

000100 

000000 

000000] 

iiu  -  [000000 

K38 

•  •  •  • 

000000 

000000 

000010 

000000] 

inD  -  [000000 
k39 

•  •  •  • 

000000 

000000 

000000 

000001] 

fT  •  [000100 

000010  000001 

0001000  .... 

000001] 

(4.15b)  was  derived  for  the  hoop-column  where  N  *  15*  m  =  12,  k,  =  24 
and  i  »  39.  (note:  since  the  eigenfunctions  were  normalized,  T  =  I) 
Only  15  instead  of  the  given  18  modes  were  used  because  the  3  trans¬ 
lational  rigid  body  modes  were  assumed  to  be  non-exci table  do  to 
the  satellites  stable  geosynchronous  orbit.  With  this  15  mode  model, 
it  was  discovered  that  two  surface  modes  (labeled  #14  and  #15  by  the 
Harris  Corporation  were  unobservable  and  uncontrollable).  Therefore, 
these  modes  were  also  deleted  leaving  a  total  of  13  modes  (i.e.  N  ■  13) 
in  the  hoop-column  model. 

For  this  13  mode  representati on ,  a  model  of  type  $(n,k,m,Ji)  was 
generated  by  adding  white  noise  processes  to  the  model  to  account  for 
sensor,  actuator  and  model  uncertainties.  The  form  of  the  model  is 
shown  in  (4.21): 


C  x(t)  *  Ax(t)  +  Bu(t)  +  Dw(t)  ;  xeR26  ;  ueR12  ,  weR24 
1  D  *  [B  B]  ;  (A,B)  controllable 

j  y(t)  ■  Cx(t)  ;  yeR24  ;  (A,C)  observable 

(4. 21 )  \  “sq  -sq 

\  z(t)  a  Mx(t)  +  v(t)  ;  ZeR  ,  veR  ;  (A,M)  measurable 


E(w(t))  »  0  ;  E(v(t) )  *  0 


PT  T 

(wT(x)  ,  vT( 


W6(t-x) 


V6(t-t) 


It  should  be  noted  that  although  D  is  partitioned  as  [B  B]  the  second 
partition  is  used  to  represent  model  error  and  will  not  change  if  the 


number  of  actuators  changes.  The  contents  of  the  matrices  A,  B,  C, 


M,  W,  and  V  are  described  below. 
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A  = 


(4.22) 


12 


“  0 

*10 

0 

0 

2 

"0, 

“25  a, 

0 

0 

(  BE 

>  26  ;  B  * 

0 

0 

0 

X3 

( 

_  0 

0 

0 

0  _ 

\  !_BR_ 

i_BRJ  \ 


>26 


where 


*10*  l3 


-O) 


U> 


•2ctu 

2;w 


10x10  and  3x3  identity  matrices 

10x10  diagonal  matrix  of  the  squared  modal 
frequencies  l.e. 

diag  [.40579,  7.2090,  7.2362,  13.277,  44.834, 
132.14,  142.66,  445.01,  448.69.  775.86] 

(rad2/sec2) 

10x10  modal  damping  matrix,  i.e. 
diag  [.0127,  .053699,  .0538,  .07286,  .26283, 
.45981,  .47777,  .84381,  .8473,  1.1142] 
(rads/sec) 


(4.23) 


(4.24)  M 


39 


The  contents  of  the  BE,  BR,  CE,  CR,  ME,  MR,  MER  and  MRR  matrices  are 
shown  In  tables  4.6-4.11.  The  noise  intensity  matrices  are  defined  as 
follows: 


(4.25)  W  » 


W1  3  *12  (dn-cm) 

Wg  *  .1x10’®  (dn-cm)2 


(4.26) 


v1  0  0  0  0 

0  v2  0  0  0 

0  0  v1  0  0 

0  0  0  v3  0 

0  0  0  0  V, 


=  7.6154xl0’7]  (rad)2 


,39  5  V3  = 


2.5x10"7I9  (m2) 
2.5x10’7I12  (m2) 


*  4. 7597x1 0’bI12 (rad/sec) 


4.3.2  The  Hoop  Column  SASLQG  Problem 
The  hoop  column  model  defined  by  (4.21 )-(4.26)  and  tables  4.6- 
4.11  will  be  labeled  SHoop(26,24, 12,39).  The  following  SASLQG 
problem  Is  posed  for  hoop  column. 


Hoop  Column  SASLQG  Problem  (H.SAS  Problem) 


Given:  SHoop  (26,24,12,39)  with  only  6  actuators 

and  12  sensors  available  for  designing 

2  2 

an  LQG  regulator  to  achieve  the  (o  ,  u  ) 
specifications  of  (4.16). 

Required:  Specify  the  closed-loop  system  which  satisfies 
either  the  input  constrained  specifications 
of  (3.20)  or  the  output  constrained  specifi¬ 
cations  of  (3.21). 

The  H.SAS  problem  will  be  one  of  the  examples  used  to  test  the 


design  algorithm  of  Chapter  7. 
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Table  4.6:  The  BE  and  BR  Matrices 


THE  BE 


MATRIX  C  10  BV  12  ) 


-1.5980E-12 

9.8045E-10 

-1.G59SE-03 

-4.SS50E-14 

3.9018E-14 

-1.9443E-10 

-7.3458E-03 

-2.0518E-11 

-2.131SE-03 

1.1447E-10 


-2.4578E-12 

-7.790GE-10 

1.3046E-03 

-2.903GE-14 

-9.2454E-14 

7.S05SE-11 

3.S72SE-03 

-3.9170E-13 

-2.3104E-05 

2.2502E-14 


2.0391E- 

1.6G88E- 

7.B073E 

1.2781E- 

6.8800E- 

7.B551E 

-4.931SE 

2.8388E- 

5.1427E' 

-1.4643E- 


•11  -1.1045E-02 
•03  -4.9651E-12 
•10  -1.0812E-ia 

•11  -1.3452E-02 
■12  -7.277GE-03 
•03  9. 1886E-13 
■10  1.6507E-13 
■03  3. 1986E-12 
■11  8. 4E27E-15 


:-02  -2.a370E-ll  H 


1.5494E- 

9.85G5E- 

1.G433E- 

1.1S0SE- 

1.066SE- 

9.83S1E- 

3.5997E- 

2.2558E- 

8.0S39E- 

8.9715E- 


•12  2.4122E-12 

•10  1 . 6354E-03 
•03  1.13B1E-09 
■14  -B.4481E-12 
14  -4.5237E-12 
■12  -3.2844E-05 
04  2. 0989E-10 
12  -1.411BE-03 
04  -3.4740E-11 
14  1.01B7E-02 


-1.0918E-02 

-1.7175E-12 

1.4252E-12 

4.0239E-03 

2.4678E-02 

2.B411E-13 

-1.1448E-13 

B.5322E-15 

5.262BE-15 

2.5578E-15 


1.7996E-11 

-1.3052E-03 

-8.1944E-10 

2.2303E-12 

1.2231E-12 

-3.3330E-03 

1.9284E-11 

5.S245E-04 

9.4759E-12 

-9.34G9E-03 


-1.0738E-02 
-4.B410E-13 
-2.8724E-13 
2. 1881E-02 
-8.3798E-03 
S.4994E-1S 
-1.0802E-13 
-3.3571E-15 
3.BB10E-14 
7.4532E-1S 


-3.6592E- 

-2.8930E- 

4.8327E- 

-1.B287E- 

-4.6523E- 

-7.275BE- 

-3.2853E- 

-1.8075E- 

-1.2039E- 

1.3914E- 


12  2.3622E- 
09  -4.8232E- 
03  -2.85B1E- 

13  -9.8949E- 
13  -S.5593E- 
11  3.1574E- 
03  -3.B427E- 

13  9.1035E- 
03  -4.8622E- 

14  4.5114E- 


11 

-11  -1, 
-03  -4. 
-09  -6. 
-13  2. 
-13  -1. 
-03  -3. 
-11  3. 

-04  9. 
■12  1. 
-03  -1. 


12 

0775E-02 

9025E-13 

8225E-13 

4690E-02 

3G09E-02 

9383E-14 

7079E-14 

1567E-1G 

2247E-15 

4097E-15 


THE  BR 


MATRIX  (  3  BY  12  ) 


1  2 

1  -G.5117E-04  8.8738E-08 

2  8.9529E-08  6.5131E-04 

3  7.7548E-13  -1.23S3E-11 


3  4  5 
3.3814E-11  -S.5118E-04  8.990BE-08 
2.3734E-10  8.9528E-08  B.5122E-04 
S.0894E-03  7.S575E-13  -3.0140E-12 


7  8  9  10  11 

1  -7.177SE-04  9.8472E-08  3.1958E-11  -7.93B5E-04  1.0907E-07 

2  9.8B75E-08  7.1774E-04  2.3B57E-10  1.0910E-07  7.935BE-04 

3  4.3753E-13  -5.2949E-12  S.2153E-03  1.B303E-14  -6.8254E-13 


3.0492E-11 

2.374SE-10 

B.1338E-03 

12 

3.2475E-11 

2.3681E-10 

B.1993E-03 


%  ^  ••  i 

*  •  •  .*  * 


Table  4.7:  The  CE  Matrix 


THE  CE  MATRIX  (  24  BY  10  ) 


1  2  3  4  5 

1  -1.5980E-12  9.8045E-10  -1.S593T-03  -4.S650E-14  3.9018E-14 

2  2.0391E-11  1.6688E-03  7.6073E-10  1.2781E-11  6.8800E-12 

3  -1.1045E-02  -4.S651E-12  -1.0812E-12  -1.3452E-02  -7.277SE-03 

4  -2.0S12E-12  -3.8735E-09  6.4926E-03  -1.1622E-13  -5.0425E-13 

5  3.2310E-12  -6.4920E-03  -3.6168E-09  -1.3770E-11  -7.5359E-12 

6  -1 . 0775E-02  -4.9025E-13  -6.822SE-13  2.4690E-02  -1.3609E-02 

7  1.1011E-10  2.3764E-02  1.4877E-08  -3.469GE-U  -1.8507E-11 

8  2.2G88E-U  -1.4311E-08  2.3764E-02  3.7395E-13  -1.3531E-13 

9  3.7640E-10  4.3917E-02  2.6324E-08  -2.576GE-12  -2.9303E-13 

10  6.1152E-11  -2.S451E-08  4.4063E-02  5.0362E-13  -2.6354E-13 

11  7.3325E-10  -1.5985E-02  -9.4022E-09  -1.2017E-12  -7.7871E-13 

12  1. 1462E-10  9.45G9E-09  -1.5939E-02  2.4442E-12  5.3315E-12 

13  S.2S44E-03  3.7333E-02  4.4234E-06  -2.S232E-04  2.7183E-03 

14  -1.0850E-02  4.8142E-0S  3.7289E-02  4.5439E-04  -4.7082E-Q3 

15  4. 1S55E-08  1.7946E-02  1.0356E-02  -1.4920E-08  -1.8021E-08 

16  1.0850E-02  3.7330E-02  -4.8139E-06  -4.5439E-04  4.7082E-03 

17  S.2S44E-03  -4. 4221 E-OB  3.7293E-0H  -2.B232E-04  2.7183E-03 

18  4.1399E-08  -1.03S1E-02  1.7938E-02  -1.4919E-08  -1.8021E-08 

19  -4.1128E-04  3.7H47E-02  -S. 00 24 E-OB  -3.4072E-04  -5.1321E-03 

20  7. 1243E-04  -G.1945E-0S  3.7214E-02  5.9011E-04  8.8890E-03 

21  5.7982E-08  -7.7130E-03  -4.4493E-03  -2.0848E-08  -2.5147E-08 

22  “7. 1243E-04  3.7256E-02  5.7700E-06  -5.9011E-04  -8.8890E-03 

23  -4. 1128E-04  S.429SE-0B  3.72Q6E-02  -3.4072E-04  -5.1321E-03 

24  5.8020E-08  4.4525E-03  -7.7074E-03  -2.0881E-08  -2.5165E-08 

6  7  8  9  10 

1.  -1.9443E-10  -7.3458E-03  -2.0518E-11  -2.131BE-03  1.1447E-10 

2  7.6551E-03  -4.9316E-10  2.8388E-03  5.1427E-11  -1.4G43E-02 

3  9.1886E-13  1.G507E-13  3.1986E-12  8.4627E-15  -2.2370E-11 

4  1.21S7E-10  4.0605E-03  2.0337E-11  9.2770E-04  -1.1446E-10 

5  -4.4977E-03  4.5673E-10  -1.9285E-03  -5.S289E-11  1.9154E-02 

6  -3.9383E-14  3.7079E-14  9.15B7E-16  1.2247E-15  -1.4097E-15 

7  S.SOS3E-02  -6.3B08E-10  7.4294E-03  -1.5739E-10  1.6830E-04 

8  1.571SE-09  B.8980E-02  2.9092E-10  9.8576E-03  -2.0204E-09 

9  -9.7582E-03  1.9237E-10  -1.419BE-02  -2.4179E-12  4.4242E-03 

10  -1.0048E-10  -8.8818E-03  2.8761E-10  -1.4117E-02  -2.0119E-09 

11  B.5518E-03  -1.00B5E-10  -1.2157E-03  -3.777BE-12  2.B314E-03 

12  2.7943E-10  6.9694E-03  2.9173E-10  -8.21B8E-04  -2.0122E-09 

13  5.1493E-02  -5.1044E-05  7.3548E-03  6.4842E-04  4.4588E-03 

14  -7.5633E-05  5.4072E-02  1.0799E-03  9.2917E-03  -1.0B50E-04 

15  5.1511E-02  3.0B89E-02  6.5278E-03  4.2838E-03  -1.11S1E-02 

16  5. 1524E-02  9.0562E-05  G.9553E-03  -1.0816E-03  4.6821E-03 

17  4.1696E-05  5.4033E-02  -6.472BE-04  9.B874E-03  -9.3106E-0B 

18  -2.9739E-02  5.3157E-02  -3.7301E-03  7.4901E-03  G.5604E-03 

19  5. 1311E-02  -1.7229E-04  7.308BE-03  3.3921E-04  3.2006E-03 

20  -2.0998E-04  5.3937E-02  5.7177E-04  9.3266E-03  5.0883E-04 

21  -2.2569E-02  -1.3332E-02  -2.6076E-03  -1.5122E-03  8.5958E-03 

22  5.1518E-02  1.9710E-04  7.1797F-03  -S.1042E-04  2.6757E-03 

23  1.8871E-04  5.3750E-02  -3.008SE-04  9.4965E-03  -5.8280E-04 

24  1.3029E-02  -2.3094E-02  1.4526E-03  -2.7153E-03  -5.1253E-03 


Table  4.8:  The  CR  Matrix 


THE  CR  MATRIX  (  24  BY  3  ) 


12  3 

1  -6.5U7E-04  8.9S29E-08  7.7548E-13 

2  8.8738E-08  6.5131E-04  -1.23S3E-11 

3  3.3814E-11  2.3734E-10  6.0894E-03 

4  -1.4248E-04  1.3571E-08  -7.S918E-13 

5  2.0332E-08  1.4225E-04  1.1S70E-11 

6  3.2475E-11  2.3681E-10  G.1993E-03 

7  1.2308E-OG  9.38S2E-03  -8.0770E-11 

8  9.3833E-03  -1.2901E-0G  -1.10G9E-11 

9  3.2972E-06  2.4006E-02  -2.3233E-10 

10  2.4004E-02  -3.300SE-0S  -2.G191E-U 

11  5.0290E-0G  3.6613E-02  -2.687GE-L0 

12  3.6612E-02  -5.0334E-OG  -2.87G3E-U 

13  -3.9225E-06  -2.8101E-02  5.8961E-03 

14  -2.8101E-02  3.8125E-0G  -1.0212E-02 

15  4.0575E-03  7.02GGE-03  -1.80G8E-08 

16  -3.8071E-06  -2.8101E-02  1.0212E-02 

17  -2.8101E-02  3.9265E-06  5.8361E-03 

18  7.0257E-03  -4.0581E-03  -1.7358E-08 

19  -3.S891E-0G  -2.81GGE-02  -3.4G92E-03 

20  -2.8167E-02  4.0548E-06  G.0088E-03 

21  -1.71BOE-03  -2.9717EHD3  -2.S163E-08 

22  -4.0539E-06  -2.81G6E-02  -G.0088E-03 

23  -2.81G7E-02  3.6969E-06  -3.4G92E-03 

24  -2.9713E-03  1.71G2E-03  -2.5185E-08 


w  -  -  -  -  “  «  *  -  ", 


V 


Table  4.9:  The  ME  Matrix 


THE  HE  MATRIX  (  27  BY  10  ) 


18  3  4 

1  -1.5980E-18  9.8045E-10  -1.65S9E-03  -4.6B50E-14 

8  8. 039 IE- 11  1.6688E-03  7.6073E-10  1.2781E-11 

3  -1. 1045E-02  -4.9651E-18  -1.0812E-12  -1.3452E-02 

4  1.1011E-10  8.3764E-08  1.4877E-08  -3.4696E-11 

5  8.8688E-11  -1.43 11E- 03  2.3764E-02  3.7395E-13 

6  -1.8000E-14  6.8493E-10  -7.8900E-15  3.4700E-1S 

7  3.7840E-10  4.3917E-02  2.S324E-08  -2.57S8E-12 

8  B.1158E-11  -2.6451E-08  4.4063E-02  5.0362E-13 

9  -3.7000E-14  -3.329QE-12  B.4320E-14  9.5700E-15 

10  7.3385E-10  -1.598SE-02  -9.4022E-09  -1.2017E-12 

11  1.1468E-10  9. 45 B 3 £-09  -1.5939E-02  2.4442E-12 

18  -S.1000E-14  -3.3120E-12  S.5790E-14  1.63S0E-14 

13  -3.6598E-18  -8.8930E-09  4.8327E-03  -1.B287E-13 

14  2.3B22E-11  -4.8232E-Q3  -2.8SB1E-09  -9.8949E-13 

15  -1.0775E-02  -4.9025E-13  -B.882SE-13  2.4690E-08 

16  S.2S44E-03  3.7333E-02  4.4234E-0S  -2.6232E-04 

17  -1.0850E-02  4.8142E-0S  3.7289E-02  4.5439E-04 

18  4.1555E-08  1.7S46E-02  1.03S6E-08  -1.4920E-08 

19  1.0S50E-02  3.7330E-02  -4.8139E-06  -4.5439E-04 

80  6.2S44E-03  -4.4281E-06  3.7893E-08  -2.S232E-04 

81  4. 1399E-08  -1 . 0361E-02  1 . 7938E-08  -1. 4919E-08 

88  -4. 1128E-04  3.7247E-08  -6.0024E-0S  -3.4072E-04 

83  7.1843E-04  -S.1945E-0B  3.7214E-02  5.9011E-04 

84  5.7988E-08  -7.7130E-03  -4.4493E-03  -2.0848E-08 

85  -7.1243E-04  3.78S6E-08  5.7700E-0B  -5.901 IE-04 

86  -4.1128E-04  S.4295E-0G  3.720BE-02  -3.4072E-04 

87  5.8080E-08  4.4585E-03  -7.7074E-03  -2.0881E-08 

6  7  8  9 

1  -1.9443E-10  -7.3458E-03  -2.0518E-U  -2.131BE-03 

8  7.B551E-03  -4. 931 BE- 10  2.8388E-03  5.1427E-11 

3  9.188SE-13  1.6507E-13  3.198BE-12  B.4627E-15 

4  6.60B3E-08  -6.3B08E-10  7.4294E-03  -1.5739E-10 

5  1.5715E-09  6.8980E-02  2.9092E-10  9.857BE-03 

6  3. 1619E-09  -8.4540E-14  6.0873E-1O  -B*2300E-14 

7  -9.7582E-03  1.9837E-10  -1.419BE-08  -2.4179E-18 

8  -1.0048E-10  -8.8818E-03  2.87S1E-10  -1.4117E-02 

9  -3.2403E-11  -8.0090E-14  -1.18B5E-11  -3.6000E-15 

10  B.5518E-03  -1.0065E-10  -1.2157E-03  -3.777BE-12 

11  2.7943E-10  6.9694E-03  2.9173E-10  -8.21B8E-04 

18  -3.2405E-11  -3.0430E-14  -1.1977E-11  -1.7610E-13 

13  -7.875BE-U  -3.8853E-03  -1.807SE-13  -1.2039E-03 

14  3.1574E-03  -3.6487E-11  9.1035E-04  -4.8682E-18 

15  -3.9383E-14  3.7079E-14  9.1567E-16  1.2247E-15 

16  5.1493E-08  -5.1044E-05  7.3548E-03  6.4842E-04 

17  -7.5693E-05  5.4078E-08  1.0799E-03  9.2917E-03 

18  5.15UE-08  3.0B89E-02  6.5878E-03  4.2838E-03 

19  5. 15S4E-02  9.05B2E-05  6.9S53E-03  -1.081GE-03 

80  4.1696E-05  5.4033E-02  -6.4726E-04  9.S874E-03 

81  -8.9739E-08  5.3157E-08  -3.7301E-03  7.4901E-03 

88  5.13UE-08  -1.7229E-04  7.3086E-03  3.3921E-04 

83  -8.0998E-04  5.3937E-08  5.7177E-04  9.3266E-03 

84  -8.2569E-08  -1.3338E-02  -2.6076E-03  -1.5122E-03 

85  5.1518E-02  1.9710E-04  7.1797E-03  -6.1042E-04 

26  1.8871E-04  5.3750E-08  -3.0086E-04  9.4965E-03 

27  1 . 3029E-02  -2.3094E-02  1.4526E-03  -2.7153E-03 


5 

3.9018E-14 
6.8800E-12 
-7.2776E-03 
-1.8507E-U 
-1.3531E-13 
7.2580E-15 
-2.9303E-13 
-2.6354E-13 
1.6079E-14 
-7.7871E-13 
5.3315E-12 
2.4573E-14 
-4.6583E-13 
-6.5593E-13 
-1.3609E-02 
2.7183E-03 
-4.7088E-03 
-1.8021E-08 
4.7082E-03 
2.7183E-03 
-1.8081E-08 
-5. 1321E-03 
8.8890E-03 
-2.5147E-08 
-8.8890E-03 
-5.1321E-03 
-2.5165E-08 

10 

1.1447E-10 
-1.4643E-02 
-2.2370E-11 
1.6830E-04 
-2.0204E-09 
-8.4809E-10 
4.4248E-03 
-8.0119E-09 
5.2664E-11 
2.6514E-03 
-2. 0122E-09 
5.2646E-11 
1.3914E-14 
4.5114E-03 
-1.4097E-15 
4.4588E-03 
-1.0650E-04 
-1.1151E-02 
4.6821E-03 
-9.3106E-06 
6.5604E-03 
3.2006E-03 
S.0883E-04 
8.5958E-03 
2.6757E-03 
-5.8280E-04 
-5. 1253E-03 


Table  4.10:  The  MR  Matrix 


THE  MR  MATRIX  (  27  BY  3  ) 


12  3 

1  -6.5U7E-04  8.9S29E-08  7.7548E-13 

2  8.8738E-08  6.5131E-04  -1.2353E-11 

3  3.3814E-11  2.3734E-10  6.0894E-03 

4  1.2308E-0S  8.38S2E-03  -8.0770E-11 

5  9.3833E-03  -1.2301 E-OB  -1.10S3E-11 

6  -l.OOOOE-13  -2.0928E-10  7.0000E-15 

7  3.2972E-06  2. 400 BE- 02  -2.3233E-10 

8  2.4004E-02  -3.3002E-06  -2.S191E-11 

9  5.0000E-14  2.7300E-12  2.1000E-14 

10  5.0290E-06  3.6B13E-02  -2.6876E-10 

11  3.6612E-02  -3.0334E-QS  -2.8763E-11 

12  3.0000E-14  2.7300E-12  2.9000E-14 

13  -7.9365E-04  1.0910E-07  1.6303E-14 

14  1.0907E-07  7.93S6E-04  -6.82S4E-13 

15  3.247SE-U  2.3681E-10  S.1933E-03 

16  -3.922SE-06  -2.8101E-02  5.8961E-03 

17  -2.8101E-02  3.8125E-0B  -1.0212E-02 

18  4.0S75E-03  7.0266E-03  -1.8068E-08 

19  “3.8071E-06  -2.8101E-02  1.0212E-02 

20  -2.8101E-02  3.92B5E-0S  5.8961E-03 

21  7.02S7E-03  -4.0581E-03  -1.7358E-08 

22  -3.S891E-0B  -2.81BSE-02  -3.4692E-03 

23  -2.8167E-02  4.0548E-06  6.0088E-03 

24  -1.7160E-03  -2.9717E-03  -2.51B3E-08 

25  -4.0533E-06  -2.8166E-02  -6.0088E-03 

26  -2.81B7E-02  3.B3B3E-06  -3.4692E-03 

27  -2.9713E-03  1.71B2E-03  -2.5195E-08 


Table  4.11:  The  MER  and  MRR  Matrices 


THE  MER  MATRIX  <  12  BY  10  ) 


1  2  3  4  5 

1  -1.5980E-12  9.8045E-10  -1.6S99E-03  -4.6650E-14  3.9018E-14 

2  2. 039 IE- 11  1.6688E-03  7.SQ73E-10  1.278 IE- 11  6.8800E-12 

3  -1.1045E-02  -4.SS51E-12  -1.0812E-12  -1.3452E-02  -7.2776E-03 

4  -1.5494E-12  9.8565E-10  -1.6433E-03  -1.1506E-14  -1.0BB5E-14 

5  2.4122E-12  1.S354E-03  1.13S1E-09  -8.4481E-12  -4.S237E-12 

6  -1.0918E-02  -1.717SE-12  1.4252E-12  4.0239E-03  2.4678E-02 

7  -2.4S78E-12  -7.790SE-10  1.304SE-03  -2.9036E-14  -9.2454E-14 

8  1.7996E-11  -1.3052E-03  -8.1944E-10  2.2303E-12  1.2231E-12 

9  -1.0738E-02  -4.6410E-13  -2.8724E-13  2.1881E-02  -8.3798E-03 

10  -3.S532E-12  -2.8930E-09  4.8327E-03  -1.S287E-13  -4.S523E-13 

11  2.3822E-11  -4.8232E-Q3  -2.SSS1E-09  -9.8949E-13  -S.5593E-13 

12  -1.0775E-02  -4.9025E-13  -S.8225E-13  2.4690E-02  -1.3G09E-02 


6  7  8  9  10 

1  -1.9443E-10  -7.3458E-03  -2.0518E-11  -2.131BE-03  1.1447E-10 

2  7.6551E-03  -4.9318E-10  2.8388E-03  5.1427E-11  -1.4643E-02 

3  9.188GE-13  1.8507E-13  3.198GE-12  8.4S27E-15  -2.2370E-11 

4  9.83G1E-12  -3.5997E-04  2.2558E-12  8.0639E-04  -8.9715E-14 

5  -3.2844E-05  2.39S9E-10  -1.411BE-03  -3.4740E-11  1.01G7E-02 

6  2. 641 IE- 13  -1.1448E-13  B.5322E-15  5.2G2BE-15  2.5578E-15 

7  7. SOKE-11  3.6726E-03  -3.9170E-13  -2.3104E-05  2.2502E-14 

8  -3.3330E-03  1.9284E-U  5.5245E-04  9.4759E-12  -9.3469E-03 

9  5.4994E-15  -1.0802E-13  -3. 357 IE- 15  3.6610E-14  7.4532E-15 

10  -7.2756E-11  -3.2853E-03  -1.8075E-13  -1.2039E-03  1.3914E-14 

11  3.1574E-03  -3.6427E-11  9.103SE-04  -4.8G22E-12  4.S114E-03 

12  -3.9383E-14  3.7079E-14  9.1567E-16  1.2247E-15  -1.4097E-15 


THE  MRR  MATRIX  (  12  BY  3  ) 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 


1 

-G.5117E-04 
8.8738E-08 
3.3814E-11 
-6.5118E-04 
8 . 990EE-08 
3.0492E-11 
-7.1776E-04 
9.8472E-08 
3.1958E-11 
-7.83S5E-04 
1.0907E-07 
3.2475E-U 


2  3 
8.S529E-08  7.7548E-13 
B.5131E-04  -1.2353E-11 
2.3734E-10  G.0894E-03 
8.9S28E-08  7.6S75E-13 
6.5122E-04  -3.0140E-12 
2.374SE-10  6.1338E-03 
9.8B75E-08  4.3753E-13 
7.1774E-04  -5.2949E-12 
2.3S57E-10  B.2153E-03 
1.0910E-07  1.6303E-14 
7.9356E-04  -6.8254E-13 
2.3SB1E-10  6. 1993E-03 


a 


4.4  The  Solar  Optical  Telescope 


Figure  4.2  is  a  schematic  of  the  solar  optical  telescope. 


Height  =  28m 


i 


ISP-  sasssg 


Figure  4.2:  The  Solar  Optical  Telescope 


The  telescope  model  was  developed  by  the  Charles  Stark  Draper  Labora¬ 
tory  (CSDL)  primarily  for  the  purpose  of  providing  a  minimum  complexity 
structure  for  the  evaluation  of  LSS  control  design  techniques.  The 
outputs  for  the  model  (not  shown  In  Fig.  4.2)  are  the  telescope  line 
of  sight  In  the  x  and  y  directions  and  the  focal  length  (defocus)  of 
the  lenses  located  at  the  top  and  bottom  of  the  telescope.  The  nodes 
shown  on  the  telescope  represent  the  spatial  locations  for  45  admis¬ 
sible  sensors  and  21  admissible  actuators.  Tables  4.12-4.14  provide 
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Sensor# 


Table  4.12:  Telescope  Sensor  Description 

Type  Nodal  Location  Direction 


Line  of  sight  angle 

II 

Defocus 

Linear  Displacement 


Linear  Rate 


m 


isi*<iNi-<xisirs4|vi|s4-<rNirNi-<xrsirsi-<xMM-<rsi-<M-<x  im-isi  nn-<nn-<xnn-<xnn><  i 
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Table  4.13:  Telescope  Actuator  Description 


Actuator  (Force)# 

Nodal  Location 

D1 recti  on 

1 

1 

Y 

2 

1 

Z 

3 

2 

Z 

4 

3 

X 

5 

3 

Y 

6 

3 

Z 

7 

4 

Z 

8 

5 

X 

9 

5 

Y 

10 

5 

Z 

11 

6 

Z 

12 

7 

Y 

13 

7 

Z 

14 

8 

Z 

15 

9 

Z 

16 

10 

Z 

17 

11 

X 

18 

11 

Y 

19 

11 

z 

20 

12 

Y 

21 

12 

Z 

Table  4.14:  Telescope  Specifications 

Specification 

°1 

Optical  line  of  sight  angle  (LOSJ 

65.2  sec 

a2 

Optical  line  of  sight  angle  (LOS^) 

65.2  se£ 

°3 

defocus 

.001  mm 

wi 

force  actuator 

.01  N 

specific  location,  type  and  orientation  Information  ,for  these 
admissible  sensor  and  actuators  and  also  a  listing  of  the  specifics- 
tlons  (a  ,  ir)  chosen  for  the  outputs  and  actuators. 

4.4.1  Telescope  Model  Development 
The  telescope  model  used  In  this  research  was  developed  from 
NASTRAN  data  generated  by  CSDL  In  early  1980.  The  data  contained 
estimates  for  the  first  44  mode  shapes  of  the  structure  and  also 
provided  location  Information  for  the  two  sinusoidal  disturbances 
S-j,  Sg  shown  in  figure  4.2.  Using  the  technique  discussed  in  Section 
4.2,  a  10  mode,  20  state, linear  stochastic  model  coupled  with  a  2 
mode,  4  state, linear  stochastic  model  of  the  disturbances  were  adopted. 
The  criterion  used  for  choosing  10  modes  from  the  44  modes  was  the 
component  cost  algorithm  developed  In  [4]-[7].  The  technique 
ranks  the  modes  based  upon  their  contribution  to  a  quadratic  functional 
of  the  system  outputs.  A  discussion  of  this  modal  cost  analysis  selec¬ 
tion  algorithm  as  applied  to  the  CSDL  NASTRAN  data  is  provided  in  [75]. 
The  end  result  Is  a  system  of  type  S(24,  3,  21,  45)  described  below: 

f  x(t)  »  Ax(t)  +  Bu(t)  +  Dw(t)  ;  xsR24  ,  ueR21  ,  weR23 
1  (A,B)  controllable 

\y(t)  *  Cx(t)  ;  yeR3  ;  (A,C)  observable 

(4.27)  <  *(t)  *  Mx(t)  +  v(t)  ;  z,  veR4®  ;  (A,M)  measurable 


E{w(t)}  -  0  ,  E{v(t)}  *  0 


The  contents  of  the  matrlcles  A,B,C,D,M,W  and  V  are  described  as  follows 

24 


where  S  is  the  coupling  matrix  between  the  telescope  and  the  distur¬ 
bances  S-|  and  S2  and, 

Ig,  I2  *  8x8  and  2x2  Identity  matrices 
2 

-u  *  8x8  matrix  of  the  squared  modal  frequencies,  i.e. 

u>2  «  diag.  [.8347,  2.7356,  3.9706,  4.3776,  7.7455, 

13.175,  13.339,  59.112]  (rad2/sec2) 

-25u  *  8x8  modal  damping  matrix,  i.e. 

2$ui  -  diag  [.001827,  .0033079,  .003985,  .004184, 

.005566,  .007259,  .0073046,  .015378]  (rad/sec) 

2 

-ws  ■  2x2  matrix  of  the  squared  disturbance  frequencies,!’ .e. 
»s  -  diag  1  [3947.8,  986.96]  (rad2/sec2) 

-25ws  *  2x2  disturbance  damping  matrix,  i.e. 

2sus  *  diag  [.1257,  .0628]  (rad/sec) 
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23 


(4.29) 


“o 

0“ 

■) 

BE 

0 

0 

0 

l 

0 

*2 

0 

0 

_BR 

0_ 

j 

24 


24 

(4.30)  C  *  [CE  0  0  CR  0]}  3 

24 


“CE 

0 

0 

CR 

0  “ 

1 

(4.31)  M  * 

ME 

0 

0 

MR 

0 

_0 

ME 

0 

0 

MRR_ 

1 

45 


The  contents  of  the  matrices  S,  BE,  BR,  CE,  CR,  ME,  and  MR  are  shown 
in  tables  4.15-4.18. 


The  noise  Intensity  matrices  are  defined  as  follows: 


(4.32)  W  * 


(4.33)  V  - 


w]  -  (o.i)  i21(n2) 

W2  *  (3.95)  I2(N2) 

V1  -  (1.0x10'4)I2  (rad)2 
V2  -  (1.0xl0’6)I22(ni)2 
V3  -  (1.0x10‘7)I2t  (m/s)2 


Table  4.15:  The  S  and  BE  Matrices 
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Table  4.16:  The  BR,  CE  and  CR  Matrices 
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Table  4.17:  The  ME  Matrix 


THE  ME 


2  -1. 

3  -1. 

4  1. 

5  -6. 


8  -G. 
8  8. 
10  -1. 
11  -1. 
12  -8. 

13  1. 

14  1. 

15  -1. 
18  1. 

17  -8. 

18  8. 

19  -1. 

20  -8. 
21  1. 


4  -7. 

5  2. 


8  1. 
9  4. 

10  7. 

11  7. 

12  4. 

13  7. 

14  7. 

15  7. 

16  7. 

17  -5. 

18  4. 

18  7. 

20  4. 

21  7. 


MATRIX  (  21  BY  8  ) 


7398E-05 

5203E-03 

5071E-03 

94S1E-03 

6280E-05 

5206E-03 

5068E-03 

0352E-03 

6611E-05 

5172E-03 

5096E-03 

69S5E-05 

5172E-03 

5098E-03 

5215E-03 

5219E-03 

3131E-03 

5420E-05 

5036E-03 

5364E-05 

5030E-03 

5 

7860E-04 

7980E-03 

8853E-03 

1741E-06 

7837E-04 

7978E-03 

8853E-03 

0338E-07 

4976E-04 

8314E-03 

8791E-03 

5023E-04 

8314E-03 

8791E-03 

78S4E-03 

78S8E-03 

7021E-07 

5009E-04 

9327E-03 

5043E-04 

9330E-03 


.S154E- 
.3534E- 
.91S7E- 
.  8443E- 
.6117E- 
.3542E- 
.9106E- 
.5745E- 
.S438E- 
.  1748E- 
.0491E- 
.9415E- 
.  1803E- 
.  0496E- 
.0421E- 
.  043  IE- 

•  4522E- 

•  9453E- 
•9308E- 

•  9448E- 
•9042E 


-03  -2. 
-04  -5. 
-04  -5. 
-03  2. 
-03  -2. 
-04  -5. 
-04  -5. 
-03  -3. 
-03  -3. 
-04  -5. 
-04  -5. 
-03  -3. 
-04  -5. 
-04  -5. 
-03  -5. 
-03  -5. 
-02  2. 
-03  -3. 
-04  -5. 
-03  -3. 
-04  -5. 


5821E-04 
139SE-03 
1753E-03 
3592E-06 
5814E-04 
1395E-03 
1753E-03 
4857E-08 
2884E-04 
1520E-03 
1720E-03 
2893E-04 
1520E-03 
1720E-03 
1323E-03 
1322E-03 
5935E-07 
2895E-04 
1 1946E-03 
2902E-04 
,  1947E-03 


-4.9274E-03 
-7.3371E-04 
1.4790E-03 
1 . 0826E-06 
-4.9299E-03 
-7.8891E-04 
1 . 4799E-03 
-4.4647E-09 
-3.392BE-04 
-3.3665E-04 
1.02S3E-03 
-3.3960E-04 
-3.365BE-04 
1 . 0270E-03 
-1.9280E-03 
-1.9286E-03 
-3.9864E-07 
-3.8915E-04 
2.6169E-03 
-3.8942E-04 
2.6184E-03 


1 .  S3BSE-02 
2.62B1E-03 
-4.5157E-03 
-6.1490E-05 
1.5583E-02 
2.6072E-03 
-4.54B1E-03 
2.3312E-06 
1.25B8E-03 
1.2122E-03 
-3.0951E-03 
1. 2500E-03 
1. 1903E-03 
-3.123SE-03 
6.2495E-03 
B.2355E-03 
-1 . 0374E-05 
1.255EE-03 
-8. 1253E-03 
1.2482E-03 
-8.1624E-03 


-3.7921E- 
-3.450BE- 
-3.5444E- 
1.7048E- 
4.8135E- 
3.4683E- 
3.5145E- 
-4. 789 IE- 
-5.9150E- 
-3.4728E- 
-3.5398E- 
5.9857E- 
3.4807E- 
3.5190E- 
-3.4045E- 
3.4456E- 
1.4729E- 
-5.9276E- 
-3.6105E- 
6.0083E- 
3.5576E- 


7 

■04  -6. 
•03  8. 
■03  1. 

■02  4. 
■04  6. 

■03  -8. 
■03  -1. 
■04  -3. 
■04  6. 

■03  9. 

-03  1. 

■04  -8. 
■03  -9. 
•03  -1. 
-03  6. 
■03  -6. 
■03  -5. 
•04  5. 
•03  1. 
■04  -5. 
•03  -1. 


8 

0651E-05 
1133E-05 
474BE-04 
8504E-04 
0648E-05 
1247E-05 
4714E-04 
0858E-04 
4021E-05 
5121E-05 
4169E-04 
4624E-05 
5518E-05 
4084E-04 
0750E-05 
1232E-05 
0878E-04 
1 9931E-05 
8241E-04 
9368E-05 
8238E-04 


Table  4.18:  The  MR  Matrix 


THE  MR  MATRIX  (  21  BY  2  ) 


1 

2 

1 

5.B320E+00 

-4.5443E-07 

2 

4.4S2SE+00 

4.0000E+00 

3 

-5.5374E+00 

4.0000E+00 

4 

0. 

-5.6320E+00 

5 

5.6320E+00 

4.5449E-07 

6 

4.4G26E+00 

-4.0000E+00 

7 

-5.5374E+00 

-4.0000E+00 

8 

0. 

1.4368E+01 

9 

-1.4368E+01 

-4.5443E-07 

10 

2.4G2SE+00 

4.0000E+00 

11 

-3.5374E+00 

4.0000E+00 

12 

-1.43S8E+01 

4.5449E-07 

13 

2.462SE+00 

-4.0000E+00 

14 

-3.5374E+00 

-4.0000E+00 

15 

9.4S2SE+00 

4.0000E+00 

16 

3.4626E+00 

-4.0000E+00 

17 

0. 

1.4368E+01 

18 

-1.43S8E+01 

-4.5443E-07 

19 

-1.0537E+01 

4.0000E+00 

20 

-1.43B8E+01 

4.5449E-07 

21 

-1.0537E+01 

-4.0000E+00 

4.4.2  The  Telescope  SASLQG  Problem 
The  telescope  model  defined  by  (4.27)-(4.33)  and  Tables  4.15- 
4.17  will  be  labeled  Stelg  (24,3,21,45).  The  following  SASLQG 
problem  is  posed  for  the  solar  optical  telescope: 

Telescope  SASLQG  Problem  (T.SAS  Problem) 

Given:  Ste^e  (24,3,21,45)  with  only  12  actuators  and 
12  sensors  available  for  designing  an  LQG 
regulator  to  achieve  the  specifications  of 
Table  4.14. 

Required:  Specify  the  closed- loop  system  which  satisfies 
either  the  input  constrained  specifications 
of  (3.20)  or  the  output  constrained  specifica¬ 
tions  of  (3.21). 

The  T.SAS  problem  coupled  with  the  H.SAS  problem  will  be  the  two 
examples  used  to  test  the  design  algorithm  of  Chapter  7.  With  the 
models  of  the  hoop-column  and  solar  optical  telescope  developed  the 
discussion  of  the  design  algorithm  begins  in  Chapter  5  with  the 
development  of  the  sensor  and  actuator  effectiveness  values. 


5.0  ACTUATOR  AND  SENSOR  EFFECTIVENESS  VALUES 


As  noted  In  the  Introduction,  the  approach  taken  by  this  research 
to  solve  the  SAS  problem  has  been  to  use  an  LQ6  controller  with  a  cost 
functional  (V  of  (3.11))  tailored  to  the  specifications  [a ,  m  )  of 
(1.8)  by  an  appropriate  choice  of  the  weighting  matrices  Q  and  R  in  V. 
Then,  actuator  and  sensor  deletion  decisions  are  based  on  a  determina¬ 
tion  of  how  effective  each  actuator  and  sensor  is  in  minimizing  V. 
Those  that  are  least  effective  are  natural  candidates  for  deletion. 
Chapter  6  discusses  the  Q  and  R  weight  selection  problem  while  the 
problem  of  determining  actuator  and  sensor  effectiveness  values  for  a 
specified  V  Is  discussed  In  this  chapter.  Section  5.1  defines  the 
fundamental  elements  of  these  values  which  are  produced  by  cost  analy¬ 
sis  techniques,  and  Section  5.2  combines  these  elements  into  the 
desired  sensors  and  actuator  effectiveness  values  and  provides  empiri¬ 
cal  support  for  their  validity. 

5.1  Closed-loop  Input  and  Output  Cost  Analysis 
The  first  step  In  determining  the  actuator  and  sensor  effective¬ 
ness  values  Is  to  determine  the  contribution  that  each  actuator  (u^), 
actuator  noise  source  (w^),  and  sensor  noise  source  (v^)  Is  making  to 
the  minimization  of  V.  The  contribution  that  each  output  (y^)  makes 
to  V  Is  not  necessary  for  the  development  of  sensor  and  actuator  effec 
tlveness  values;  however.  It  Is  certainly  of  Interest  and  Is  directly 
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related  to  as  will  be  shown  shortly. 

Also i  It  Is  not  necessary  to  determine  the  contribution  of  noise 
sources  (w^0)  associated  with  DQ  in  (1.1)  since  these  noise  sources 
represent  disturbances  and/or  model  errors  which  are  assumed  to  be 
Independent  of  the  actuator  noise  sources.  That  is, the  definition  of 
w  in  (1.1)  can  be  further  extended  to: 


(5.1)  w 


w 


E(w(t)wT(x))  • 


Wa  0 


Ww 


5(t-r) 


where  w^a  represents  the  plant  noise  source  associated  with  the  ith 
actuator. 


5.1.1  Closed-loop  Cost  Definitions 
Shown  In  (5.2)  is  a  partial  reproduction  of  the  closed-loop 
representation  (3.3)  for  S(n,k,m,z)  and  the  LQG  regulator  of  (3.2) 


x  »  Ax  +  Bw  ;  x  »  (xT  xT)T  ;  w  *  (wT  vT)T 


(5.2) 


y  *  Cx  ;  y 
V  -  Ej/oy  ; 


(y1 


uT)T 


The  Inputs  to  (5.2)  are  the  white  noise  processes  w  and  v,  and  therefore, 
the  technique  of  determining  the  contributions  that  w.j  and  Vj  make  to 
1/  has  been  labeled  by  Skelton  and  co-workers  as  closed-loop  Input-cost 
analysis  (CICA).  As  a  matter  of  notation,  the  contribution  that  w^ 
makes  to  V  Is  labeled  V*  while  the  contribution  of  is  labeled  l/jV. 

In  like  fashion,  since  y  and  u  appear  In  the  output  of  the  closed-loop 


V.V-.v.’, 


system  (5.2),  the  determination  of  the  contributions  that  y..  and  u.. 
make  to  l /  is  called  closed-loop  output  cost  analysis  (COCA)  and  the 
contributions  are  labeled  and  respectively.  The  mathematical 

definitions  for  l^u,  l/..y,  and  are: 


5.1.2  Closed- loop  Cost  Formula's  and  Properties 
The  following  theorem  produces  formula's  for  the  definitions  of 

(5.3). 

Theorem  1:  CICA  and  COCA  Formulas 

Given  a  system  of  type  S(n,k,m,£.)  regulated  by  the 
steady  state  LQG  controller  of  (3.2)  and  written  in  the 
form  of  (3.3)  the  following  formulas  for  U^u,  l/jW, 
and  l/.jV  hold: 

(5.4a)  -  [GSGTR]11  ,  1  »  1,  ...  m 


(5.4b)  vf  »  [C(P+X)CTQ311  ,  1  -  1,  ... 


k 
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(5.4c) 


(5.4d) 


w  ¥■  1  *  1,  ...  m 


V*"  ¥•  1  *  m+1  . . .  p 


where. 


V*  »  [BT(K+L)BWa]ii  ,1*1,... 
and 


(5.4e)  P,"  •  [D0T(KH)D0W°]11  .1-1.  ...  (p-m) 


(5.4f)  P^  -  CFTLFV]1(  1*1  *  ...  Jt 


where,  the  matrix  L  satisfies  the  following  steady  state  Lyapunov 
equation 


(5.4g)  L(A-FM)  +  (A-FM)TL  +  GTRG  *  0 


The  proof  of  theorem  1  Is  presented  In  Appendix  A,  and  the  formulas 
of  theorem  1  can  be  used  to  establish  the  following  properties  for 
1^“.  v/,  V*  and  V*. 

Property  1:  Cost  Decomposition 


m  „  x 

(5.5a)  P  *  l  P  “  +  l  V  i 

1*1  '  1*1  1 

(5.5b)  P  -  f  P,w  +  l  P 

1*1  1  1*1  1 


Property  2:  Sign  (For  diagonal  R,  Q,  W,  and  V  matrices) 

(a)  >  0,  Vf  >  0,  >  0,  >  0.  In  addition, 

(b)  (A,C)  observable  V4W  >  0 


wv 
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(c)  (A,C)  observable,  (A+BG.F)  controllable  -*•  l^u,  l/^y  >  0 

(d)  (A,D)  controllable  ->  V*  >  0 

(e)  (A,0)  controllable,  (A-FM.G)  observable  V*t  V ^  >  0 

Property  3:  Transformation  Invariance 

^u,  V*  and  l/^v  are  Invariant  under  the  state 
transformation  x  »  Tq,  |T|  f  0 

Property  4:  In  situ  nature 

i^u,  \l^t  VjW  and  do  not.  In  general,  represent 
the  change  In  V  when  an  actuator,  output,  noise  source, 
or  sensor  Is  deleted  from  the  system,  (i.e.  the  cost 
contributions  are  non-linear  functions  of  Input,  output 
and  sensing  terms  and  are  calculated  under  the  assumption 
that  all  components  are  In  place  and  acting). 


The  proof  of  properties  1-3  are  presented  In  Appendix  A.  One  other 
point  of  interest  for  these  cost  contributions  is  the  relationship 
between  V^u  and  and  and  E^2  when  Q  and  R  are  assumed 
diagonal.  Writing  out  the  11  element  of  the  matrices  in  (5.4a,b)  and 
comparing  the  results  with  (3.19)  and  (3.16)  produces  the  following 
results: 


(5.6)  E.u,2  ■  Vf“  r,'1 

(5.7)  E -  v/q,'1 


5.2  Derivation  of  Effectiveness  Values 

w 

With  the  preceding  definitions  for  l^u,  v1  *  and  the  actuator 
'M§  sensor  effectiveness  values  can  now  be  derived.  The  actuator  value 
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5.2.1  Actuator  Effectiveness  Value  (l/act) 

As  noted  in  section  5.1,  t/^u  represents  the  contribution  that  u^ 

is  making  to  l/.  Since  the  function  of  LQG  theory  is  to  use  u^  so 

that  1/  (for  a  given  Q  and  R)  is  minimized,  a  'large'  l/.u  means  that 

the  Uj  is  important  to  the  minimization  effort.  Furthermore,  l/^u  >  l/^u 

implies  that  the  1^  control  is  more  important  than  the  control 

in  minimizing  V  for  the  given  S(n,k,m,t)  and  Q  and  R.  On  the  other 

th 

hand,!/^  represents  the  contribution  that  the  i  actuator  noise 

source  Is  making  to  V  which  Is  clearly  an  undesirable  result.  There- 
wa  ft. 

fore,  1/^  >  l/j  implies  that  the  j  actuator  Is  more  important  to 

the  minimization  effort  than  the  I**1  actuator,  (i.e.  it  hinders  less) 
In  light  of  the  preceding  discussion  some  combination  of  l/ju  and 
V^1  could  be  used  to  form  an  actuator  effectiveness  value.  The  two 

tl  u®  U  u® 

most  obvious  combinations  are  /Vf  ,  -I/.  ,  and  these  along  with 

some  not  so  obvious  combinations  have  been  tested  during  the  course  of 
this  research.  With  the  exception  of  a  constrained  input  power  situa¬ 
tion  which  will  be  discussed  in  Chapter  7,  has  been  the  best 

combination.  It  is  also  Intuitively  appealing  since  a  linear  combina¬ 
tion  maintains  the  contributive  nature  of  the  values  l/.u  and  i/.w  . 
Therefore, 


r  v. 


(5.8) 


^act  A  _  ^w 


where  V,act  represents  the  effectiveness  value  of  the  itfi  actuator.  A 


'1 


negative  value  of  l^act  means  that  the  1th  actuator  is  contributing 


more  noise  than  control  action  to  the  minimization  of  V  and  Is  therefore 
a  candidate  for  Improved  noise  characteristics,  but,  more  importantly, 


ap  + 

a  negative  value  for  l/j  Implies  that  the  regulator  might  do  better 
(i.e.  achieve  a  smaller  l/)  if  the  ith  actuator  were  deleted!  This 
condition  is  impossible  for  noiseless  actuators  as  shown  by  [theorem 
1,  15].  However,  for  noisy  actuators,  this  condition  has  been  verified 
by  data  in  [16]  and  is  supported  by  the  following  theorem  which  is 
proved  In  Appendix  A. 

Theorem  2;  Deletion  of  Noisy  Actuators 

For  a  system  of  type  S(n,k,m,i)  under  the  regulation 
of  the  LQG  controller  defined  in  (3.2),  deletion  of  an 
actuator  is  not  sufficient  for  l/(m-l,t)  >  l/(m-a)  where 

(5,9a)  t/(m,i)  ■  The  value  of  V  for  a  system  of  type 

S(n,k,m,&)  under  LQG  regulation. 

(5.9b)  l/(m-l,£)  ■  the  value  of  V  for  a  system  of  type 

S(n,k,m-1 ,z)  under  LQG  regulation. 

Given  theorem  2,  the  following  definition  is  important. 

Definition  1:  Ai/^act 

(5.10)  A^act  ■  l/(m-l,t)  -  V(m,i)  where  the  ith  actuator  has 

been  deleted  in  l/(m-l,0 

apf 

Therefore  If  Al^  Is  negative,  the  LQG  controller  does  better  with  a 

apt 

fewer  number  of  actuators,  and  a  positive  a^  implies  the  opposite. 

apt 

At  this  point.  It  should  be  remembered  that  the  role  of  in 
the  solution  of  the  SASLQG  problem  Is  to  Identify  the  actuator (s)  which 
are  least  Important  to  the  minimization  of  V.  The  preceding  discussion 
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strongly  alludes  to  the  fact  that  the  actuators  with  the  smallest 

apf 

algebraic  values  of  are  the  candidates  for  deletion.  The 
validity  of  this  argument  rests  squarely  on  the  assumption  of  the  fol¬ 
lowing  ordering  property: 

(5.11)  l/,act  >  t/.act  ->  Al/,act  >  Al/act 
•  J  -  J 

In  other  words,  if  >.  ^act  ^row^ng  away  ^h  actuator  w-jn 

produce  a  less  favorable  perturbation  in  V  than  throwing  away  the  jth 
actuator.  Unfortunately,  a  proof  for  (5.11)  has  not  been  found;  however 
Intuition  and  empirical  results  point  strongly  to  its  validity.  Figures 
5. 1-5. 3  are  examples  of  data  which  provide  empirical  support  for  (5.11). 
Figure  5.1  Is  a  plot  of  V.act  for  the  system  SHoop(26,  24,  12,  39) 
superimposed  with  A(/^ac^  (i.e.  1/(11 ,39)  -  1/(12,39)  for  each  of  the  12 
actuators.  The  Q  and  R  matrices  used  in  1/  are  given  in  table  5.1. 

Table  5.1:  Hoop  Column  Weighting  Matrices,  1 

Q  *  dlag  [82.07,  82.07,  .8207,  82.07,  82.07,  .8207, 
400,000,  .  400,000]  xlO5 

18  entries 

R  -  10"5xI12 

It  should  also  be  noted  for  figure  5.1  that  the  actuator  number,  as 
defined  In  table  4.3,  Is  plotted  on  the  horizontal  scale  in  order  of 
decreasing  l/^act. 


ACTUATOR  NUMBER 


Figure  5.1:  Hoop  Column  l^act  Data  for 
Q  and  R  of  Table  5.1 


Since  the  actuators  are  plotted  on  the  horizontal  scale  In  order 
of  decreasing  ,  the  monotonic  decrease  of  the  data  In  figure  5.1 
Is  empirical  support  for  the  ordering  property  of  (5.11).  Note  also 
that  Ifj  does  have  negative  values  which  supports  theorem  2  and 
shows  [theorem  1,  15]  does  not  apply  In  the  noisy  actuator  situation 
defined  for  S(n,k,m,t).  Figure  5.2  Is  another  plot  of  actuator  effec¬ 
tiveness  data  for  SHoop(26,24,12,39)  with  the  choice  of  Q  and  R  defined 
In  table  5.2. 
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changed  as  a  function  of  Q  and  R.  That  Is  the  ranking  (3,5,7)  In 
figure  5.1  became  (5,7,3)  In  figure  5.2. 

Actuator  effectiveness  data  was  also  obtained  for  the  solar 
optical  telescope  (l.e.  STele(24,3,21,45)).  A  sampling  of  this  data 
Is  shown  In  figure  5.3,  and  the  weighting  matrices  are  defined  in 
table  5.3. 


Table  5.3:  Telescope  Weighting  Matrices 
Q  -  diag  [108,  108,  1013] 

R  -  105xI21 

The  data  of  figure  5.3  Is  presented  in  the  same  format  as  figures  5.1 
and  5.2  where  the  actuator  numbers  are  now  defined  by  table  4.13  and 
41/,“*  -  1/(20,45)  -  1/(21,45). 

ACTUATOR  NUMBER 


Again,  the  monotonic  decreasing  nature  of  the  data  Is  empirical 
support  for  (5.11). 

In  summary,  all  the  pertinent  data  gathered  in  this  research 
excluding  the  one  special  case  of  constrained  input  power  discussed 
In  Chapter  7,  has  supported  the  choice  of  (5.8)  for  the  actuator 
effectiveness  value  to  be  used  In  the  SASLQG  algorithm.  Furthermore, 

arf 

as  evidenced  by  figures  5. 1-5. 3,  appears  to  be  a  'good'  estimate 

of  both  the  sign  and  magnitude  of  Al/^  . 

The  two  major  concerns  for  (5.8)  are  the  lack  of  a  proof  for  the 
ordering  property  of  (5.11),  and  the  Inability  of  (5.8)  to  account 
for  the  possibility  of  the  loss  of  controllability  or  stabilizability 
of  the  system  If  a  particular  actuator  Is  deleted.  The  second  concern 
Is  further  addressed  In  Chapters  7  and  9. 

5.2.2  Sensor  Effectiveness  Value  ( sen  ) 

It  is  again  worth  noting  that  the  role  of  the  actuator  and 
sensor  effectiveness  values  in  the  SASLQG  Algorithm  is  to  identify 
those  sensors  and  actuators  which  are  contributing  the  least  to  the 
minimization  of  V  where  V  has  been  choosen  through  Q  and  R  selection 
to  Insure  that  the  LQG  controller  achieves  desired  input  and  output 
variances. 

As  discussed  In  Section  5.1,  represents  the  contribution  that 
the  1^  sensor  noise  source  makes  to  V.  Therefore,  those  actuators 
with  larger  values  for  are  contributing  more  noise  to  V  than 
those  actuators  with  lesser  l^v,  and  at  first  glance  appear  to  be 
candidates  for  deletion.  However,  the  sensor  measurements  for 
S(n,k,m,t)  under  LQG  regulation  are  being  passed  through  a  Kalman- 


Bucy  filter  whose  function  is  to  "de-emphasize"  or  "throw-out"  measure¬ 
ments  which  have  more  noise  than  estimation  1nformation.[l]  Therefore, 
any  noise  source  that  is  making  a  'large'  contribution  to  V  emanates 
from  a  sensor  which  Is  making  an  even  'larger'  contribution  to  the 
estimation  Information  necessary  to  minimize  V.  This  is  further 
supported  by  taking  an  expanded  look  at  the  formula  for  l/^v  in  (5.4f). 
Assuming  a  diagonal  V: 

(5.12)  l/.jV  *  m^PLPm^V^”^  where  m^  is  the  ith  col  of 
Equation  (5.12)  shows  that  l^v  is  an  explicit  as  well  as  an  implicit 

—  1  fh 

function  of  which  Is  the  inverse  of  the  variance  of  the  1 
sensor  noise  source.  Therefore,  will  tend  to  be  larger  for  sensors 
with  mailer  noise  variances!  Of  course,  the  estimation  information 

T 

contained  in  m^  PLPm^  will  have  a  significant  effect.  Also,  in 
Appendix  B,  a  development  Is  presented  which  shows  a  significant 
correlation  between  l/^v  and  the  Chen-Selnfeld  Switching  functions. 

Chiu,  in  [15],  has  shown  that  sensors  with  larger  values  for  those 
switching  functions  are  the  ones  which  satisfy  the  necessary  conditions 
for  minimizing  1 /. 

In  light  of  the  above  discussion  an  obvious  choice  for  the  sensor 
effectiveness  value  is: 

(5.13)  V1sen  » 

Sensors  with  the  smallest  values  for  l/^v  are  then  taken  as  candidates 
for  deletion.  The  following  definition,  which  is  analogous  to 
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Definition  1  In  Section  5.2.1  Is  now  germane  to  the  discussion. 
Definition  2:  Al/^6" 

(5.14)  Al^sen  -  l/(m,A-1)  -  V(m,i) 

where  l/(m,t)  Is  defined  In  (5.9a)  and  )  is 

the  sensor  dual  of  (5.9b) 

As  In  the  case  of  1/^  the  essential  property  that  must  be  satlslfed 
by  l/isen  Is  the  ordering  property: 

(5.15)  ^  l/jsen  -*■  Al/^en  i  A^sen 

Again  as  In  the  case  of  ,  only  the  intuitive  arguments  of  the 
preceding  discussion  and  empirical  results  currently  exist  to  verify 
the  ordering  property  of  (5.15). 

Figures  5. 4-5. 6  contain  data,  which  support  the  validity  of 

(5.15) .  Figure  5.4  Is  a  plot  of  V^sen  for  the  system  SHoop(26,24,12, 
39)  superimposed  with  aP^60  (l.e.  P  (12,38)  -  1/(12,39))  for  seven 
sensors.  The  Q  and  R  matrices  used  are  those  defined  by  table  5.1. 

It  should  further  be  noted  that  sensor  numbers  on  the  horizontal 
scale  are  defined  by  table  4.2,  and  they  are  ordered  from  left  to 

<Affl 

right  In  terms  of  decreasing  l/j  .  The  monotonic  decrease  of  the 
data  In  figure  5.4  Is  empirical  support  for  the  ordering  property  of 

(5.15).  Figures  5.5  and  5.6  show  data  analogous  to  figure  5.4  for 
$Hoop  (26»  24»  12»  39)  *1th  ^e  weights  of  table  5.2  and 
(24,  3,  21,  45)  with  the  weights  of  table  5.3  respectively. 


10  38  37  34  29  14 

SENSOR  NUMBER 

Figure  5.4:  Hoop  Column  i^sen  Data 
for  Q  and  R  of  Table  5.1 


SENSOR  NUMBER 

Figure  5.5:  Hoop  Column  (/^sen  Data  for 
Q  and  R  of  Table  5.2. 
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SENSOR  NUMBER 

Figure  5.6:  Telescope  l/.sen  Data  for 
Q  and  R  of  Table  5.3. 


The  data  of  both  figures  again  exhibit  a  monotonic  decrease  and  offer 
further  support  for  (5.15). 

Another  point  of  Interest  surfaces  when  comparing  figures  5.4 
and  5.5.  This  comparison  reveals  that  the  relative  |/^sens  ranking  of 
sensors  10  and  37  changed  as  a  function  of  Q  and  R,  a  matter  of 
Importance  to  the  development  of  Chapter  7.  Also,  in  none  of  the  data 
of  figures  5. 4-5. 7  did  deleting  a  sensor  provide  better  regulator 
performance  (i.e.  was  never  negative).  This  result  Is 

empirical  evidence  of  the  following  theorem  which  is  proved  in  [15] 
and  [16]  and  also  in  Appendix  A. 


Theorem  3:  Deletion  of  Noisy  Sensors 

For  a  system  of  type  S(n,k,m,£)  under  the  regulation 
of  the  LQG  controller  defined  in  (3.2),  deletion  of  a 
sensor  cannot  reduce  V. 

In  summary,  all  pertinent  data  gathered  in  this  research  supports 
the  validity  of  choosing  (5.13)  to  represent  the  sensor  effectiveness 
value  for  the  SASLQG  algorithm.  Also,  as  evidenced  by  the  data  of 

ean 

figures  5.4-5. 7,  is  a  'good'  estimate  for  both  the  sign  and 

magnitude  of  a^sen.  However,  the  same  two  concerns  that  exist  for 
^act»  also  exist  for  ^sen:  There  Is  currently  only  empirical  and 
intuitive  support  for  the  ordering  property  of  (5.15),  and  l/.jSen  does 
not  consider  that  measurability  or  detectability  might  be  lost  when 
the  1th  sensor  Is  deleted.  The  measurability/ detectability  concern 
is  further  discussed  in  Chapters  7  and  9. 

With  the  expressions  for  sensor  and  actuator  effectiveness  values 
chosen,  the  next  order  of  business  is  to  develop  an  algorithm  for 
selecting  Q  and  R  so  that  the  LQG  controller  which  minimizes  1/  also 
achieves  desired  variance  constraints  on  system  Inputs  and  outputs. 
This  algorithm  is  the  topic  of  Chapter  6. 


6.0  LQG  WEIGHT  SELECTION 


A  fundamental  step  In  solving  the  SASLQG  problem  Is  to  adjust 
the  elements  of  Q  and  R  in  V  such  that  the  resulting  LQG  controller, 
for  a  fixed  set  of  sensors  and  actuators,  achieves  the  input-constrained 
requirements  of  (3.20)  or  the  output  constrained  requirements  of  (3.21) 
A  statement  of  this  mathematical  problem  will  prove  useful.  Substitut- 
Ing  the  definitions  for  E j/f  and  EjJ-j  provided  by  (3.16)  and  (3.19) 
Into  (3.20)  and  (3.21)  the  following  statement  for  a  constrained 
variance  LQG  (CVLQG)  problem  results: 


4 


■VI 


CVLQG  Problem 


Given:  A  system  of  type  $(n,k,m,i)  under  the  control 

of  an  LQG  regulator  defined  by  (3.2)  and  with 

2  2 

variance  specifications  (o  ,  u  )  of  (1.8) 

Required:  Determine  the  diagonal  elements  of  Q  and  R 
such  that  one  of  the  following  holds: 

Input  Constrained  Solution 


If  the  specifications  (c  ,  u  )  are  achievable 


Min  l  (J(P+X)c,)/o  2 
Q,R  i-1  1  11 


<1 


subject  to  r,”2b4TKXKb4  *  y42  ¥-1  =  1, 
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Min  l  (c/(P+X)c 4)/o42  AM:  c4T(P+X)c4  >  a2 
Q,R  1*1  1  11  1  11 

(6.1b) 

subject  to  ri"2b1TKXKbi  -  vf  AM  »  1,  ...  m 


(6.2a) 


(6.2b) 

The  CVLQG  problem  Is  a  non-linear  programming  problem  which  has 
two  distinct  requirements:  The  first  being  to  determine  If  a  diagonal 
Q  and  R  exists  to  achieve  (o2,  u2),  and  the  other  being  to  adjust  the 
Q  and  R  elements  to  achieve  either  the  Input-constrained  or  output- 
constrained  solution.  An  obvious  approach  to  this  problem  would  be 
to  apply  standard,  non-linear  programming  techniques.  However,  these 
techniques  almost  always  require  gradient  calculations  and  a  search 
routine  for  an  appropriate  step  size.  ([46],  [59]-[61])  Given  the 
possibility  of  a  large  number  of  Inputs  and  outputs,  a  large  system 
order  and  the  requirement  for  solution  of  an  algebraic  Rlccatl  equa¬ 
tion  at  each  Iteration  f  the  ai-  rlthm  and  at  each  Iteration  of  any 


Output  Constrained  Solution 
2  2 

If  (o  •  u  )  are  achievable. 


Min  l  (r.'2b.Tldl<bJ/u/ 

Q,R  1-1  1  1  11 

subject  to  c1T(P+X)c1  *  o  *  AM  ■  1,  ...  k 
else, 

Min  I  (r  •2b/lCXia»J/vl2  AM:  r4’2b/l(XKb.  >  u*2 
Q,R  1-1  1  1  11  11  11 


subject  to  c^fP+X)^  *  AM  *  1,  ...  k 


step  size  search  routine,  the  calculations  required  by  these  standard 
gradient  approaches  would  be  prohibitive  when  applied  to  the  CVLQG 
problem.  This  chapter  presents  an  algorithm  for  solving  the  CVLQG 
problem  which  requires  only  the  standard  LQG  calculations  of  (3.2)- 
(3.6)  and  hence  avoids  the  computational  burdens  of  gradient  calcula¬ 
tions  and  a  step  size  search  routine.  The  algorithm  also  uses  inher¬ 
ent  properties  of  the  LQG  controller  to  make  update  and  existence 
decisions.  Before  discussing  the  algorithm,  a  survey  of  past  techni¬ 
ques  and  motivations  for  Q  and  R  adjustments  is  presented  in  Section 
6.1.  Then,  Section  6.2  provides  a  general  discussion  of  input- 

constrained  and  output  constrained  solutions  while  Section  6.3  presents 
the  important  theory  behind  the  algorithm.  The  specific  steps  of  the 
algorithm  are  provided  in  section  6.4,  and  the  algorithm  is  applied  to 
the  hoop-column  antenna  model  and  the  telescope  model  in  sections  6.5 
and  6.6  respectively. 

6.1  Past  Approaches  to  Q  and  R  Selection 
Even  though  LQG  theory  has  a  natural  application  to  the  problem 
of  satisfying  variance  constraints  on  system  Inputs  and  outputs,  not 
a  great  deal  has  been  published  on  the  subject.  In  [  2],  Bryson  and 
Ho  suggest  making  Q  and  R  diagonal  such  that: 

^1  *  ^°i^  2  2 

;  where  and  ^  are  components  of  the 

_  ■,/  2  specifications  (a2,  u2)  in  (1.8) 

i  /wi 


(6.3) 


"V 


This  choice  for  Q  and  R  means  that  1/  in  (3.12)  can  be  written  in 
the  following  form 


(6.4)  V  •  I  Ejr  2/c  2  ♦  I  ‘ 

1*1  i*l 

From  (6.4)  It  can  be  seen  that  the  LQG  controller  designed  by  the 
weighting  matrices  (6.3)  minimizes  the  sum  of  the  output  and  input  mean 
square  values  normalized  by  their  specification.  Therefore,  selecting 
(6.4)  for  Q  and  R  guarantees  that  the  average  of  the  normalized  mean 
square  values  of  all  components  has  been  minimized.  While  this  is  a 
step  in  the  right  direction, it  does  not  guarantee  that  the  LQG  control¬ 
ler  will  meet  the  requirements  of  the  CVLQG  problem.  In  the  past,  if 
using  (6.3)  did  not  achieve  the  desired  variance  specification  it  was 
necessary  to  resort  to  trial  and  error  variation  of  the  elements  of  Q 
and  R  based  upon  a  set  of  general  "directional"  guidelines.  (See  [1], 
[2],  [47]). 

Recently,  in  [44],  [48]  and  [49],  iterative  algorithms  have  been 
proposed  for  adjusting  elements  of  the  Q  and  R  matrices  in  order  to 
achieve  desired  variance  specifications  on  system  inputs  and  outputs. 

In  [44]  the  following  update  equations  are  proposed. 


2,  2 


(6.5a)  qi(j+l) 


(6.5b)  r^j+1)  * 


e  y12(j) 


9^(j)  ■  9f(j)  +  (Ejf^U)  -  <»j2)qj(J) 


E„V(J) 


\  J  /  1  o  o 

—  r,(J)  -  r,(j)  +  -L  (E_u^(j)  - 


Initially,  If  outputs  are  out  of  specification  (E^y^/a^  >1),  the 

algorithm  in  [44]  uses  only  (6.5a)  to  adjust  the  weights  on  those 

outputs.  When  all  outputs  are  within  specification  the  algorithm  uses 

(6.5a)  on  all  outputs  and  (6.5b)  only  on  the  inputs  that  are  within 

2  2 

specification  (E^  /y^  <  1).  The  algorithm  continues  until  all 

specifications  are  satisfied  or  until  the  components  that  are  out  of 
specification  are  no  longer  changing. 

In  [48],  the  following  update  equation  is  used:  (assuming  Q  and 
R  diagonal) 


(6.6)  A(j+1)  -  A(j)  +  6jHje(j) 

where 


3  [^-j*  ^2*  *•**  **1*  *** 

3  scalar  step  length  parameter  at  iteration  j 


[E^2  -  ®12]q1  (J )  •••  k  and  EjZ  >  aZ 

2  2  2 
e(j)  *  <  [Ej^  -  vi  ]rj  (j )  1*1,  ...  m  and  E^u/  >  y^ 


0  otherwise 


Hj  *  Broyden  approximation  to  the  inverse  of  the  Jacobian 
of  e(j )  with  respect  to  \(j),  [50]. 


Therefore,  the  algorithm  of  [48]  adjusts  those  components  of  Q  and  R 
which  correspond  to  outputs  and  inputs  that  are  out  of  specification. 
Neither  [44]  nor  [48]  give  conditions  under  which  the  algorithms  can 


be  expected  to  converge  to  a  solution  or  specify  conditions  under 
which  it  is  known  that  no  choice  for  Q  and  R  would  exist.  Also  not 
addressed  are  the  input-constrained  and  output  constrained  requirements 
of  (6.1)  and  (6.2). 

In  [49],  the  following  update  equation  for  r..  is  proposed  for  each 
sample  time  in  a  self-tuning,  discrete  time,  LQG  regulator: 

r.-  (k)  n  n 

(6.7)  r1  (k+1 )  -  r^(k)  +  y(k+l)  (uz(k)  -  v.z) 

*i 

where  0  <  y(k)  <  1  and  u(k)  is  choosen  to  insure  r. (k+1)  is  positive. 

The  objective  is  to  use  (6.7)  to  design  a  self-tuned  LQG  regulator 

2 

which  has  the  inputs  operating  at  their  variance  specifications  y.  . 

Other  studies  on  the  selection  of  weights  Q  and  R  have  entirely 
different  motivations,  but  are  mentioned  here  for  completeness. 
Considerable  study  has  been  devoted  to  the  selection  of  Q  and  R  to 
achieve  desired  closed-loop  pole  locations,  [51]-[54].  References 
[55]  and  [56]  relate  Q  and  R  selection  to  such  additional  frequency 
domain  properties  as  stability  margin  and  disturbance  rejection.  In 
[57]  Sesak  et  al.  propose  non-diagonal  selections  for  Q  and  R  which 
serve  to  suppress  LQG  controller  excitation  of  unmodeled  system  states. 
In  work  related  to  [51 ]-[54]  Sesak  et  al.,  in  [58],  propose  a  technique 
for  selecting  non-diagonal  Q  and  R  so  that  the  compensator  poles 
(i.e.  the  eigenvalues  of  A  )  are  within  some  prespecified  stable  region. 

V* 

As  a  final  note,  the  algorithm  presented  in  this  chapter  has  been 
documented  in  [45].  With  this  background  for  Q  and  R  presented,  the 
algorithm  development  begins  with  a  discussion  of  input  and  output 
constrained  solutions. 
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6.2  Input/Output -Constrained  Solutions 


Before  presenting  the  theory  behind  the  proposed  algorithm,  a  less 
technical  discussion  of  the  input-constrained  and  output-constrained 
requirements  of  (6.1)  and  (6.2)  for  single  input  single  output  systems 
(i.e.  S(n, l,l,i))  will  prove  useful.  For  S(n,l,l,4)  the  LQ6  cost 
functional  of  (3.12)  takes  the  following  form: 


(6.8)  V  »  Eeoy12q1  +  Eji^ 


6.2.1  Input-Constrained  Discussion  (S(n,l,l,4)) 

2  2 

Assume  that  r^  can  be  adjusted  so  that  Ejj-j  =  y.  .  Labe-|l’n9  tlris 
value  for  r^  as  rM  (6.8)  can  be  written  as: 


(6.9)  V  -  E^y/q,  +  u,2^ 


2 

For  the  given  S(n, 1,1,4),  ,  and  output  weighting  q^,  the  term  y-j  rM 

represents  a  fixed  control  penalty  term  in  1/  which  insures  that  all 

available  control  power  (in  a  stochastic  sense)  is  beiny  used  by  the 

2  2 

LQG  controller  to  minimize  E q^.  Therefore  the  term  E^y-j  cannot 
be  made  smaller  without  violating  the  input  constraint.  In  light  of 
this  discussion,  the  appropriate  choice  for  q^  to  achieve  the  input- 

o 

constrained  requirement  of  (6.1)  is  1  /o-j  .  Therefore,  define 
*  2 

q-j  *  l/o^  .  The  preceding  situation  is  represented  pictorially  in 
figure  6.1  by  making  use  of  the  known  inverse  relationship  between 
control  power  E^u-j  and  output  variance  Ej^  .  [1]  The  two  curves 

represent  the  performance  lines  of  the  different  systems  Sa,  Sb  with 
output  weighting  q^*.  The  interior  of  the  rectangular  box  formed 


^  ,-k  v 


*4 


°<t  ~ 


Z.'t 


Figure  6.1:  S(n»1,1,&)  Input-Constrained  Solution 

by  the  <jj.  y^  specification  lines  represents  the  region  in  which 
(a-j2,  uj2)  Is  satisfied.  Clearly,  an  LQG  controller  does  not  exist 
for  Sfa  which  can  meet  (a1  ,  u.,  ).  Therefore  the  Input-constrained 
condition  (6.1b)  is  sought.  On  the  other  hand,  there  are  essentially 
an  infinite  number  of  LQG  controllers  which  can  keep  the  operating 
point  of  Sa  within  the  (o-,2,  y^2)  specification  region,  and  the  require¬ 
ment  (6.1a)  applies.  The  current  operating  point  of  both  systems  is 
assumed  to  be  and  the  objective  of  the  input  constrained  solution 

Is  to  move  the  operating  points  to  (%)  by  finding  rM.  Then  aM  repre- 

b 

sents  the  the  minimum  achievable  output  specification  for  (6.1b)  and 

au  represents  the  minimum  achievable  output  specification  for  (6.1a). 
Ma 

6.2.2  Output-Constrained  Discussion  (S(n,l,l,t)) 

A  discussion  of  the  output-constrained  solution  proceeds  in  an 

2  2 

Identical  fashion.  Assume  that  a  q1  Is  found  such  that  *  a..  . 

Labeling  this  value  qM,  (6.8)  becomes: 


v.v.v.v.v.v.y 


100 


(6.10)  V  -  0l2qM  +  Eoou12r1 

2 

For  the  given  S(n,l,l,t),  o-,,  and  Input  weighting  r.,,  the  term  a1  qM 
represents  a  fixed  output  penalty  term  in  V  which  produces  the  maximum 
allowable  output  variance.  Therefore  the  term  Ejj-j  r^  cannot  be 

A  * 

reduced  without  violating  the  output  constraint  and  *  1/u-,  *  r1 

satisfies  (6.2).  Figure  (6.2)  is  a  pictorial  representation  of  systems 

* 

Sa(n,l,l,i)  and  Sb(n,l,1,0  with  control  weighting  r]  . 


Figure  6.2:  S(n,l,l,*)  Output-Constrained  Solution 

As  in  the  Input  constrained  case,  the  (a^2  y-|2)  specification  can  be 

achieved  for  Sft  but  not  for  Sb.  The  objective  of  the  output- cons trained 

solution  Is  to  move  the  systems  operating  point  from  (T)  to  (?)  by 

finding  qM.  Then,  yM  satisfies  (6.2a)  and  uM  satisfies  (6.2b). 

a  b 

6.2.3  Multi -Input/Output-Constrained  Solutions 

There  Is  a  subtlety  in  achieving  (6.1)  or  (6.2)  which  does  not 

appear  in  the  single-input,  single-output  case  and  should  also  be 


discussed  before  the  theory  is  presented.  Assume  a  single  input  two 
output  system  (l.e.  S(n,2,l,A))  with  specifications  (cj.  o2,  The 
pictorial  representation  of  both  outputs  vs.  control  effort  is  shown  in 
Figure  6.3  for  an  input  constrained  solution  and  the  output  weighting 
Q  »  diag(q1*t  q2*)) 


Figure  6.3  S(n,2,l,A)  Input-Constrained  Solution 


From  the  figure  It  Is  obvious  that  og,  *s  restrictive  and  an  LQ6 

2  2 

controller  does  not  exist  for  ( a  ,  u  ).  Therefore,  the  input  constrain¬ 
ed  solution  adopts  the  criterion  of  (6.1b)  and  moves  from  (T'  to 

by  finding  r^.  At  point  (z)  Ej^  is  well  within  specification  and 
2 

Is  well  above  specification.  The  requirement  of  (6.1b)  In  this 

2  2 
case  Is  that  E be  as  small  as  possible.  Since  E is  well  within 

specification,  a  logical  course  of  action  would  be  to  channel  some  of 

the  control  effort  from  y-j  to  yg.  For  LQS  controller,  this  is 

accomplished  by  decreasing  and  adjusting  rM  so  that  all  allowable 

control  power  Is  still  being  used  (i.e.  keeps  the  operating  point  at 

2 

u-j ) .  This  redistribution  of  control  power  continues  until  E^ 
reaches  its  specification  at  point  (x)  or  (although  not  Illustrated 
In  figure  6.3)  E reaches  Its  specification.  Since  all  available 
control  power  has  been  directed  toward  the  output  above  specification, 
(i.e.  Ej/2 )  the  requirement  of  (6.1b)  should  be  satisfied.  The 
specific  output  weighting  condition  which  achieves  the  control 
redistribution  pictured  In  figure  6.3  is  Q  »  diag  (qM,  qg*)  =  Qj$j-  An 
Identical  situation  to  the  one  pictured  in  figure  6.3  exists  for  the 
output-constrained  solution  for  S(n,l,2,Jl).  The  input  weighting 
condition  for  this  situation  is  defined  to  be  RJ. 

The  discussion  just  presented  has  emphasized  important  elements 
In  the  solution  of  the  CVLQG  problem.  It  also  raises  the  questions 
of  whether  the  specific  weighting  conditions  Q*,  R*,  Qfl,  Rjjj  exist  and 
how  to  find  them.  The  theory  presented  in  the  next  section  addresses 
these  questions. 


6.3  Theory 

In  this  section,  the  supporting  theory  for  the  algorithm  of 
Section  6.4  Is  presented.  The  following  definitions  are  fundamental 
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(6.12b) 

(6.12c) 

(6.1 2d) 


4  2  2 

R*  ■  (R:  ri  *  1/u^  ;  i  *  1,  ...m);  =  Variance  specification 

QM  *  EJi2  a  °\2  *  1  *  •••  k) 

RM  -  (R:  Emu*  *  u^Vi  *  1,  ...  m) 


(6.12e) 


V-  1  *  1 ,  . . .  k 
Va^AM:  Ejr.2  >  a. 


(6.12f) 


2  2 

^  ¥-1*1,.. .  m 

and 

-  l/u12  ¥:  Ej^2  >  y^2 


It  should  be  noted  that  Q*  and  R*  exist  and  are  unique  for  any  non-zero 
2  2 

(a  ,  u  )  however,  QM,  R^  Q^j,  and  RjJ|  are  not  unique  nor  do  they  always 
exist.  The  existence  question  will  be  addressed  shortly. 


6.3.2  Theorems 

Using  the  notation  of  definitions  3  and  4  the  following  important 
theorems  are  stated  and  proved.  They  will  be  recognized  as  multi -input/ 
output  versions  of  the  situations  discussed  in  Section  6.2. 


Theorem  4:  Input-constrained  conditions 

For  a  system  of  type  S(n,k,m,£)  under  the  regulation 
of  the  LQG  controller  defined  by  (3.2)-(3.6)  (diagonal  Q 
and  R)  and  the  assumption  that  the  matrices  Qjjj  and  RM 
exist,  the  following  holds: 


(a)  ^pc  (Q*.^)  l  l^pC(Q»R)  v-  Q,R  subject  to  the 

constraint  that 
E  u.2  *  uj2  V-  i  *  1,  ...  m 

00  1  I 

(b)  l^pc  (Qjjj,  Rj^)  >  k  “>  (a2,  y2)  cannot  be  satisfied  by 

an  LQG  controller 

(c)  Given  condition  (b),  the  LQG  controller  designed  by 
(Qjjj,  R^)  minimizes  the  following: 

£viW  *  w>°,2 

Proof:  From  definition  4,  the  controller  defined  by  (Q*,  RM)  minimizes 
the  cost  functional: 


2  2 

For  the  given  S(n,k,m,t)  and  (a ,  y  ),  term(2)is  a  fixed  penalty  term 

2  2 

in  V  constrained  by  the  RM  requirement  *  w^  V-i  *1,  ...  m 

(l.e.  use  all  available  control  power).  Under  this  condition  the  LQG 
controller  minimizes  tern?  (1),  and  from  the  known  optimality  conditions 
for  the  LQG  controller,  no  other  LQG  controller  (i.e.  different  Q,R) 
or  any  1  Inear +  controller,  for  that  matter,  can  do  better  for  the 

+If  the  noise  processes  in  S(n,k,m,£)  are  Gaussian,  the  LQG  controller 
also  does  better  than  any  nonlinear  controller.  [1] 


given  constraints.  [1]  Since  term  (1)  Is  equivalent,  by  definition 
to  point  (a)  of  theorem  4  is  proved. 

Again  from  definition  4,  the  controller  defined  by  (Qj^,  R^  min 


mizes  the  cost  functional 


k  a  a  k  a  m  ts 

V  *  X  EJi  /o1  +  °iqM.  +  X  wi  rM, 


For  the  given  S(n,k,m,t)  and  (o  ,  jr),  term  (3)  of  (6.14)  is  constrained 

by  the  requirement  (Eji^  *  f  1  *  1,  ...  m)  to  be  a  fixed  value. 

Also,  term  (2)  of  (6.14)  is  constrained  to  be  a  fixed  value  by  the 

2  2 

Qjjj  requirement  (E^y..  ).  Given  the  above  conditions  on  (2)  and 

(3),  the  LQG  controller  will  force  (1)  of  (6.14)  to  be  as  small  as 
possible.  Hence,  point  c)  of  Theorem  4  is  guaranteed. 

The  fact  that  term  (1)  of  (6.14)  is  as  small  as  possible  for  the 
given  specifications  also  implies  that  if  term  (1)  is  not  zero  then  a 
CVLQG  solution  does  not  exist.  From  the  definition  of  Qj)j,  RM  and 
l^pC  (Q.R) .  l^pc  (Qj$,  RM)  >  k  and  [term  (1)  of  (6.14)]  >  0  are  equivalent 
conditions.  Therefore  point  b)  of  Theorem  4  is  established.  ### 

The  results  of  Theorem  4  directly  establish  weighting  conditions 
which  satisfy  the  input  constrained  requirement  of  (6.1).  Part  (a)  of 
theorem  4  establishes  (Q*,  R^)  as  the  weighting  condition  necessary  to 
satisfy  (6. la),' and  if  all  outputs  are  above  specification  at  (Q*,  R^, 
the  condition  for  (6.1b).  Parts  (b)  a,;d  (a),  on  the  other  hand, 
establish  (Qjjj,  R^  as  a  weighting  condition  which  satisfies  (6.1b). 
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Theorem  5  addresses  the  output  constrained  requirement  (6.2). 

Theorem  5:  Output -cons trained  Conditions 

For  a  system  of  type  S(n,k,m,z)  under  the  regulation 
of  the  LQG  controller  defined  by  (3.2)-(3.6)  (diagonal  Q,  R) 
and  the  assumption  that  the  matrices  R*,  QM  exist,  the 
following  holds: 

(a)  C,(R*,Qy)  <  ^-.(R»Q)  R,Q  subject  to  the  constraint 

Spv  n  SpC  a  a 

that  V- 1  *  1 ,  ...  k 

(b)  Vspc(RM*  >  k  (u2»  °2)  cannot  be  satisfied  by  an 

LQG  controller 


(c)  Given  condition  (b)  the  LQG  controller  designed  by  (Rjjj,  QM) 
minimizes  the  following 


I  E.ui 2/u,2  *1:  E.u^  >  u, 
1-1  ' 


2  .  2 


Proof:  From  definition  4,  the  controller  defined  by  (R*,  QM)  minimizes 
the  cost  functional: 


HI  A  A  K  A 

(6.15)  V  l  Eu.Z/y.Z  +  l  o*qM 
1-1  *  1  1  1=1  1  M1 


The  rest  of  the  proof  for  part  (a)  Is  the  dual  of  the  proof  of  part  (a) 
of  Theorem  4  where  Input  terms  are  substituted  for  output  terms  and 
(6.13)  Is  replaced  by  (6.15). 

Again  from  definition  4,  the  controller  defined  by  (Rfl,  QM)  mini¬ 
mizes  the  cost  functional: 


■ '  V.."  V-  '&  ~ 
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(6.16) 


The  rest  of  the  proof  is  again  the  dual  of  the  proof  of  Theorem  4  where 
input  terms  are  interchanged  with  output  terms  and  (6.14)  is  replaced 
by  (6.16).  *## 

6.3.3  Update  Equations 

While  weighting  conditions  which  satisfy  (6.1)  and  (6.2),  are 
specified  in  theorems  4  and  5,  nothing  is  said  about  how  to  achieve  the 
weighting  conditions  or  If  they  exist.  The  Iterative  update  equations 
used  by  the  algorithm  of  section  6.4  to  achieve  the  required  weighting 
conditions  Is  presented  In  this  section.  Section  6.3.4  discusses  the 
existence  question. 

6. 3. 3.1  Input  Update  Equation.  The  input-constrained  condition  of 
(6.1)  requires  the  following  condition 

(6.17a)  Ejj^2  *  u^2  V-  i  ■  1 . m 

or 

(6.17b)  r1"2biTKXKbi  »  i^2  ¥-1  =  1 . m 

The  requirement  of  (6.17)  is  a  nonlinear  programming  problem  within  the 
larger  CVLQG non-linear  programming  problem.  The  goal  is  to  adjust  r^ , 

1  *  1,  ...  m  without  using  gradient  techniques  which  require  complex 


m  ^  a  m  ?  ^  p 

l  +  I  rfj  +  I  °i 

1-1  1  1  i=l  1  "i  i=l  1  "i 


2  2 
i:  Ejh  Su/ 


.  c  2  2 
i :  Eu.  =u- 

I _  1  U  L 


(1) 


(2) 


(3) 


calculations.  Assume  for  i  moment  that  (6.17)  is  satisfied.  Then, 
the  following  algebraic  manipulations  are  permissible: 


7  b,TKXKb. 

(6.18)  r/"  * - s —  »  1  =  1*  _ m 

8  wi 

_o 

Multiplying  and  dividing  the  right-hand  side  of  (6.18)  by  r.  and 

2 

substituting  in  Eji^  gives: 

o  E  u*  o 

(6.19)  rf  -  — rf  ;  i  -  1,  ...  m 

wi 

taking  the  positive  square  root  of  (6.19)  leaves: 

r  2n  ^ 

E  u/  i 

(6.20)  r^  3  ~Z~  ri  »  1  ■  1,  ...  m 

_  ui 

Equation  6.20  represents  a  an  m-dimensional,  coupled  transcendental 

equation.  A  simple  approach  to  numerically  solving  (6.20)  is  to  adopt 

the  following  successive  approximation  equation: 

-  2  V2 

Eu  Z(j) 

(6.21)  r^j+1)  *  - k —  r,(j)  ;  i  ■  1,  ...  m 

L  wi  J 

where  E.u^(j)  implies  Ejj^2  calculated  at  the  jth  iteration.  The 

beauty  of  (6.21)  is  that  it  will  always  correct  r^(j)  in  the  right 

direction.  For  Instance,  assume  that  Ejj^  >  for  r^(j).  To 

correct  this  situation  in  the  LQG  controller,  the  penalty  weight  r^j) 

2  2 

must  be  Increased,  and  since  Ejjj(j)  >  u,  ,  this  is  exactly  what  (6.21) 


does.  When  (6.21)  was  tested  on  the  hoop-column  and  telescope  models. 


the  convergence  to  was  slow  which  is  generally  true  of  most 
successive  approximation  equations.  However  in  each  iteration  of 
(6.21)  an  algebraic  Riccati  equation  of  order  n  must  be  solved  and 
therefore,  the  slow  convergence  of  (6.21)  was  deemed  unacceptable. 

Several  options  exist  for  increasing  the  step  size  of  (6.21).  The 
more  sophisticated  techniques  involve  iterations  within  each  iteration 
to  pin  down  the  best  step  size  to  use  and,  of  course,  this  is  exactly 
what  needs  to  be  avoided.  After,  considerable  testing  the  following 
automated  non-linear  step  size  adjustment  was  found  to  work  'well'  on 
both  the  hoop  column  and  telescope  models: 


(6.22)  r. ( j+1 ) 


PWR(j) 


ri  ( j ) 


1  =  1. 


m 


where  the  exponent  PWR(j)  obeys  the  sequence: 


(6.23)  PWR(l)  =  1/2  ,  PWR ( 2 )  =  1  ,  ....  PWR(j)  =  j  -  1  V-  j  :■  1  . 


The  problem  with  (6.22)  is  that  it  is  now  possible  for  the  step  size 
(i.e.  change  in  r(j))to  be  too  big  which  would  cause  the  algorithm  to 
oscillate  (i.e.  not  converge)  or  even  go  unstable.  To  counter  this  prob¬ 
lem,  the  well  known  non-linear  programming  technique  of  descent  functions 
was  adopted. [60]  The  function  chosen  was: 


(6.24)  Desctu(j+1)  *  Max 


V  (J+1) 


1, 


.  m 


m 


Therefore,  at  each  iteration  Desctu(j+1)  is  calculated.  If  Desctu(j+1) 

2 

>  Desctu(j),  then  the  current  values  of  Desctu(j+1),  Bjj'  ( j+1 )  are 

2 

replaced  with  the  old  values  Desctu(j),  Eji  (j)  and  the  PWR(j)  sequence 
is  reset  to  PWR(l).  For  notational  purposes,  the  iteration  at  which 
Desctu(j+1)  >  Desctu(j)  will  be  called  a  'reset  iteration.' 

The  two  key  questions  for  update  equation  (6.22)  coupled  with  the 
descent  function  (6.24)  are: 

(1)  Is  PWR(l)  =  1/2  truly  a  conservative  step  size? 

(2)  How  often  must  data  be  lost  to  a  'reset  iteration?' 

Both  questions  actually  apply  to  the  sequence  PWR(j).  Appendix  C  offers 
an  argument  for  the  conservative  nature  of  PWR  =  1/2  and  for  the  hoop- 
column  and  telescope  data  shown  in  sections  6.5  and  6.6,  less  than  7% 
was  lost  because  of  reset  iterations.  There  is,  however  no  guarantee 
the  choosen  PWR(j)  sequence  is  the  best,  other  possibilities  are  sug¬ 
gested  in  Chapter  8. 

6. 3.3.2  Output  Update  Equation  .  In  contrast  to  the  input-constrained 
requirement,  the  output  constrained  requirement  of  (6.2)  requires  the 
following  condition: 

(6.25a)  E j i2  =  o.2  ¥■  1  •  1,  ....  k 

or  using  the  identity  of  (5.7) 

(6.25b)  l^q^1  =  a.2  V- i  =  1 ,  ....  k 

Assuming  that  (6.25b)  holds,  the  following  algebraic  manipulations  are 
possible: 


(6.26)  qi  *  ly/o^  ¥■  i  =  1 


*  •  •  • 


k 


Again  making  use  of  (5.7): 

E^.2 

(6.27)  qi  *  — f-q.  ¥1*1,  ...  k 

a1 

This  equation  (similar  to  (6.20))  represents  a  k-dimensional, coupled 
transcendental  equation  and  as  in  the  input  case,  a  simple  successive 
approximation  technique  was  chosen  to  obtain  a  numerical  solution: 

E  v  2(j) 

(6.28)  q^j+1)  *  -=\-  q.(j)  ;  i  -  1  ,  ...  k 

°1 


Like  (6.21),  (6.28)  will  always  adjust  q(j)  in  the  right  direction; 
however,  when  tested  it  too  demonstrated  very  slow  convergence  proper 
ties.  Benefiting  from  the  knowledge  gained  in  the  input  case,  the 
following  update  equation  and  descent  function  were  adopted: 


(6.29a)  q^j+l) 


r  2  -,PWRY(j) 

1  E jr,U)  1  Y 


q^j)  i  =  1,  ...  k 


(6.29b)+  PWRyd)  *  1 


PWRy(2)  =  1  ,  ....  PWRy(j)  •  j  -  1  ,  j  >  1 


+The  PWR(j)  sequence  of  (6.23)  was  also  used  successfully,  however 
(6.29b)  performed  better  for  the  chosen  examples  and  is  more  in 
harmony  with  the  development  of  (6.25)-(6.28). 


•  i  :  1 

»  1  i  ,  •  •  • 


k 


(6.30) 


Descty(j+1)  »  Max 


y  .  o 


As  in  the  input  case,  if  Descty(j+1)  >  Descty(j),  then  the  current 

2 

values  of  Descty(j+1),  Ej/. (j+1)  are  replaced  with  the  old  values 
Descty(j),  Ej'y.  (j)  and  the  PWRy(j)  sequence  is  reset  to  PWRy(l). 

The  same  questions  that  exist  for  PWR(j)  also  exist  for  PWRy(j). 
Empirical  results  have  pointed  to  the  selection  of  PWRy(j),  but  the 
suggested  sequences  in  Chapter  8  offer  other  possibilities. 

6. 3. 3. 3.  Simultaneous  Input  and  Output  Updates.  When  conditions 
require  a  search  for  the  matrices  Q^j  or  R*,  simultaneous  updates  of  Q 
and  R  are  required.  The  transcendental  nature  of  the  problem  remains 
the  same.  Therefore,  (6.22)  is  used  for  the  input  weights  and  (6.29a) 
for  the  output  weights.  Both  descent  functions  are  still  calculated 
but  combined  as  follows: 

(6.31)  Desctyu(j+1)  =  Max[Desctu(j) ,  Descty(j),  0] 


If  a  'reset  iteration'  occurs  all  input  and  output  values  are  restored 
as  well  as  Desctyu(j). 

As  a  final  summary,  the  update  equations  of  (6.22)  and  (6.29a) 
are  modified  successive  approximations  of  the  transcendental  equations 
(6.20)  and  (6.27).  They  will  always  step  in  the  right  direction  and 
the  descent  function  is  used  to  insure  they  never  step  too  far.  The 
PWR(j),  PWRy(j)  exponent  sequences  are  encorporated  in  an  effort  to 
prevent  an  excessive  number  of  iterations  for  convergence. 
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6.3.4  Existence  of  RM,  QM,  Q^j,  Rj^ 

The  final  question  to  be  answered  concerning  the  theory  behind 
the  CVLQG  algorithm  presented  in  6.4  (entitled  LQGWTS)  is  whether 
the  weighting  matrices  R^  QM,  Qjj,  Rfj  exist.  The  question  can  be  simpli¬ 
fied  by  realizing  that,  by  definition  (i.e.  Definition  4),  if  R^  exists 
Rjjj  exists  and  if  QM  exists  Qjjj  exists.  Therefore,  attention  will  be 
focused  on  the  existence  of  Rj^  and  QM> 

6. 3.4.1  Existence  of  R^.  An  R^  cannot  exist  if  the  following  condition 


holds  for  some  LQG  control  u^ : 


(6.32a)  Ej^2  =  r1"2biTKXKbi  *0  V-  Q  >  0  ,  R  >  0  , 


or  since  0  <  r .  <  «, 


(6.32b)  biTKXKb1  *0  V-  Q  >  0  ,  R  >  0 


Necessary  and  sufficient  conditions  for  (6.32b)  to  hold  involve  the 
observability  of  (A,C)  and  the  controllability  of  (A+BG,F)  and  are 
provided  in  Appendix  D.  Also  included  in  Appendix  D  is  the  method 
LQGWTS  uses  to  determine  if  u^  satisfies  the  necessary  and  sufficient 
conditions  for  (6.32b).  If  (6.32b)  does  not  hold  for  all  i  then  an 


exists  for  arbitrary  non-zero  specifications  (u  ).  More  specifically. 


if  (6.32b)  does  not  hold.  It  is  possible  to  force  all  controls  to 

2 


arbitrary  values  E^  by  weighting  certain  controls  more  than  others. 
Furthermore,  since  the  u^'s  that  satisfy  (4.9b)  are  of  no  use  to  an 
LQG  controller,  condition  (6.32b)  can  always  be  avoided  by  deleting 
from  the  system  controls  which  satisfy  (6.32b),  and  LQGWTS  does  this. 


Therefore  LQGWTS  seeks,  a  possibly  reduced  dimension,  RM  (i.e.  ) 

R 

which  is  known  to  exist. 

6. 3. 4. 2  Existence  of  Q^.  The  existence  of  QM  depends  upon  the  ability 
of  the  system  to  drive  all  outputs  to  arbitrary  levels.  For  control¬ 
lable  systems,  this  implies  the  outputs  (y  *  Cx)  must  be  linearly 
independent.  For  un-control  1  able  systems,  this  implies  that  the  rank 
of  the  output  controllability  matrix  must  equal  k  (the  number  of 
outputs).  [63].  If,  for  a  system  of  type  S(n,k,m,*),  QM  fails  to  exist 
for  either  of  the  above  reasons,  the  end  result  is  that  only  some  of 
the  outputs  will  be  driven  to  their  specification.  Label  this  set  of 
outputs  Yspc  and  its  reduced  dimension  weighting  matrix  QMR.  The 
remaining  outputs  will  be  In  the  set  ?spc*  The  weights  on  these 
outputs  will  have  one  of  the  two  following  properties  as  a  result  of 
using  the  update  equation  (6.29a): 


The  situation  in  (6.33)  means  that  the  outputs  in  ?spc  are  not  effecting 
the  LQG  regulator  design  and  may  be  deleted  from  the  system  leaving  only 
the  set  Yspc  for  which  a  QMR  exists.  LQGWTS  tests  for  outputs  which 
are  not  effecting  the  design  by  performing  the  checks 


+The  condition  q.-*»can  result  only  when  a  stabilizable,  detectable 
system  Is  not  output  controllable  and  one  of  the  uncontrollable  outputs 
stabilizes  at  a  variance  level  above  its  specification. 
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* 


? 

(6.34a)  q.j  <  e  1/<t^ 

;  0  <  e  «  1 

(6.54b)  q,  >  ^ 

If  (6.34a  or  b)  is  satisfied  LQGWTS  automatically  zeros  (i.e.  effec¬ 
tively  deletes  the  i**1  output  from  the  system).  Therefore  LQGWTS  will 
look  for  a  QMR  which  exists. 

6.3.5  Summary 

The  purposes  of  this  section  have  been  first,  to  establish  the 
weighting  conditions  which  satisfy  the  requirements  of  (6.1)  and  (6.2) 
(i.e.  Theorems  4  and  5).  These  conditions  are  using  the  notation  of 
Section  6.3.4  R^,  Q^,  R*R,  and  Q*R.  Second,  to  develop  the  update 
equations  used  by  LQGWTS  and  verify  that  they  converge  to  R^,  QMR, 

RJJr  or  Q*R,and  thirdly, as  just  presented,  verify  the  existence  of  these 
matrices.  With  this  theory  in  place,  a  presentation  of  the  algorithm 
is  in  order. 

6.4  The  Algorithm  LQGWTS 

This  section  outlines  the  proposed  algorithm  LQGWTS  which  is 
designed  to  find  a  solution  to  the  CVLQG  problem  defined  at  the 
beginning  of  this  chapter.  As  already  noted,  LQGWTS  uses  the  update 
equations  (6.22)  and/or  (6.29a)  to  achieve  either  the  input  constrained 
requirements  of  (6.1)  or  the  output- constrained  requirements  of  (6.2). 
The  general  flow  of  the  algorithm  for  achieving  these  requirements  can 
be  summarized  by  the  following  two  line  graphs  which  delineate  the 
weight  adjustment  procedure: 
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Input-Constrained  Algorithm 
(Q*.  R*)  — ■>  (Q*.  Rjy,)  - ■>  (Qjjj.  R„) 

(6.35a) 

Begin  - »  Solution? - >End 

Output -Constrained  Algorithm 


(**.  Q*)  - 

- >(R*.  Qm) - 

— 

(6.35b) 

Begin - 

— >  Solution?— 

— >End 

With  the  general  flow  of  (6.35)  in  mind,  the  concise  steps  of  the 
algorithm  are  presented. 

Algorithm  LQGWTS : 

(T).  Read  the  following  data:  {A,  B,  C,  D,  M,  W,  V"1},  (c^2,  i  *  1 , 
2 

...  k}  ,  i  *  1,  ...  m},  select  input-constrained  or  output 
constrained  option,  and  specify  a  zero- threshold  parameter  e. 
(2).  Compute  P  by  solving  (3. 2d). 

•IT).  Compute  c/Pc.,  i  *  1,  ...  k.  If  c^Pc^  >_  for  any  i  *  1, 

...  k,  it  is  Impossible  to  achieve  the  output  specifications 

T  2 

since  c^  Pc^  is  the  lower  bound  of  .  Therefore  select 

only  the-lnput  constrained  option. 

(4).  Set  the  following  Initial  guess  for  Q  and  R: 

qi  *  1/a.j  >  1*1,  ...  k  (i.e.  q^) 

2 

r^  *  1/Ul  ;  1  *  1  ....  m  (i.e.  r*) 


(?).  Compute  K  by  solving  (3.2c),  and  X  by  solving  (3.6).  Also 

as  described  in  Appendix  D,  perform  first  iteration  check  for 
b.TKXKb.  =  0. 

(6) .  Compute  E 1  *  1*  ...  k  using  (3.16).  Compute  Eji.2,  i  *  1 , 

...  m  using  (3.19).  Perform  second  check  described  in  Appendix  D 
T  A 

for  b^  KXKb.  =  0.  Also  perform  the  following: 

(a)  Input-Constrained  Search 

2  2 

If  =  u.j  V-  i  =  1 . m,  then  store  for 

2  2 

later  use  the  indicies  j  for  which  Ejf.  <  a.  .  Call 

J  J 

this  vector  of  indicies  UPDATE. 

(b)  Output-Constrained  Search 

2  2 

If  Ej^  =  <jj  V-  i :  q..  ^  0,  then  store  for  later 

2  2 

use  the  indices  j  for  which  E^Uj  <  ^  .  Call  this  vector 
of  indicies  UPDATE. 

(7) .  Calculate  Descent  Function  (DESCTN) 

(a)  Input-constrained  search:  use  (6.24) 

(b)  Output  constrained  search:  use  (6.30) 

(c)  If  UPDATE  f  0  use  (6.31). 

(8) t  Check  DESCTN: 

If  DESCTN (j+1 )  >  DESCTN(j)  set  PWR(j+l)  =  1/2,  PWRy(jfl)  =  1, 
E^tj+l)  -  Ej^j),  E.u.U+l)  =  Eeoui  ( j )  DESCTN(j+l )  = 
DESCTN(j)  and  go  to  (10)  .  (i.e.  ’reset  iteration'). 

tFor  numerical  considerations,  the  following  additional  reset  condition 
is  defined.  If  DESCTN(j+l )>DESCTN(j)  and  DESCTN (j )  =  0,  reset  only 
PWR  and  PWRy.  This  condition  is  termed  'step  size'  reset  to  distin¬ 
guish  it  from  a 'reset  interation'! 


(9  .  Solution  Checks: 

Input-Constrained  Option: 

C.l  If  E^2  =  y.2  V-  i  =  1,  ...  m,  and  {q..  =  0  V-  i :  Ej/^<a 
then  the  CVLQ6  input  solution  has  been  found.  Stop. 

Output-Constrained  Option: 

C.2  If  (E^2  =  a.2  V-  i:  qi  t  0},  and  Ejj.2  >  V-  i  *  1, 
...  m,  then  the  CVLQG  output  solution  has  been  found. 
Stop. 

(l]5)  .  Update  Equations:  Define  PWR(j+l)  as  in  (6.23)  and  PWRyU+l) 

as  in  (6.29b) 


Input  Constrained  Option: 


rf(j+l)  = 


qi (j+i ) 


L  ”i2_ 


PWR( j+1 ) 

!  i  *  1  »  ...  m 

PWRy(j+l) 

qi(j)  ;  V-  i  in  UPDATE 


q^(j+l)  *  ( j)  otherwise 

2  1 

If  <  z/o]  or  q.j  >  — *•  then  set  q,,(j+l) 

eoi 

Return  to  (J). 

Output-Constrained  Option: 


0. 


(3.4a)  q.j  (j+1 ) 


E2(Jr^(j..) 

2  q1  (J) ;  i  =  i,... 


If  q.j  <  e/a/  or  q..  >  — -j  then  set  q..  (j+1)  =  0 

ea 

—  PWR(j+l ) 

E.u^J) 

(3.4b)  r.  (j+1)  *  — l-j—  r .  ( j )  ;  V-  1  in  UPDATE 

L  ui  J 

r^(j+l)  *  r.j (j)  otherwise 
Return  to  (5). 

The  algorithm  LQ6WTS  has  been  written  as  a  fortran  IV  subroutine 
which  uses  the  linear  control  package  LSLIB  developed  for  the  Purdue 
University  CDC  6600  by  C.S.  Gregory  in  1979.  The  specific  details  of 
the  program,  along  with  a  program  listing  are  provided  in  Appendix  E. 
The  subroutine  has  been  used  on  both  the  hoop  column  antenna  and  tele¬ 
scope  models  of  Chapter  4.  The  results  are  presented  in  the  next  two 
sections. 


6.5  Hoop  Column  Antenna  Example 
The  algorithm  LQGWTS  was  run  on  the  hoop  column  antenna  model 
Shoop(26,24,12,39)  for  the  outputs,  sensors,  and  actuators  described  in 
tables  4. 1-4.3  and  for  the  (o  ,  y  )  specifications  of  (4.16).  Both 
the  input-constrained  and  output-constrained  options  were  run,  and  the 
results  indicated  that  an  LQG  controller  (diagonal  Q,R)  did  not  exist 
to  meet  (a  ,  y  )  of  (4.16).  Therefore,  the  'minimum  achievable' 
specifications  of  (6.1b)  and  (6.2b)  were  sought. 

6.5.1  Input-Constrained  Solution 


Table  6.1  displays  the  results  for  the  input  constrained  solution. 
The  expression  in  parentheses  by  each  output  and  actuator  number  is  a 


Output  # 


Table  6.1:  Hoop  Column  Input-Constrained  Solution 

Aui2 

#  (minimum  achievable)  Actuator  #  (specification) 


1 (AX2) 

.171 

sec 

2(AY2) 

.174 

sec 

*3(AZ2) 

701 .807 

sec 

4(AX10-AX2) 

.008 

sec 

5(AY10-AY2) 

.008 

sec 

*6(AZ10) 

727.366 

sec 

7(X6-X2) 

.122 

mm 

8(Y6-Y2) 

.120 

mm 

*9(X9-X2) 

.799 

mm 

*10(Y9-Y2) 

.784 

mm 

*n  (xio-x2) 

1.859 

mm 

*12(Y10-Y2) 

1.824 

mm 

*1 3(X101— X10) 

3.003 

mm 

*14(Y101-Y10) 

7.595 

mm 

15(Z101-Z10) 

.091 

mm 

*16(X107-X10) 

7.219 

mm 

*17(Y107-Y10) 

3.381 

mm 

1 8( Z107-Z1 0) 

.090 

mm 

*19(X113-X10) 

2.054 

mm 

*20(Y113-Y10) 

3.474 

mm 

21(Z113-Z10) 

.016 

mm 

*22(X119-X10) 

3.728 

mn 

*23(Y119-Y10) 

1.799 

mm 

24(Z119-Z10) 

.010 

mm 

(q7  =  0) 

(q2  *  o) 

(q4  *  o) 
(q5  r  o) 

(q7  3  o) 
<q8  3  0) 


(qiK  *  o) 


(qiQ  *  °) 


(q21  3  o) 


(q9a  3  °) 


1 (TX2) 
2(TY2) 
3(TZ2) 
4(TX6) 
5(TY6) 
6(TZ6) 
7(TX9) 
8(TY9) 
9(TZ9) 
10(TX10) 
II(TYIO) 
12(TZ10) 


10.000  dn-cm 


2  2 

*—>  specification  violation  (E  v.,  >  ) 
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label  for  the  type,  direction,  and  location  of  the  output  or 
actuator.  For  instance,  AX2  stands  for  an  angle  output  in  the  X  direc¬ 
tion  at  node  2,  AX10-AX2  represents  a  relative  angle  output  in  the  X 
direction  between  nodes  10  and  2,  Y6-Y2  means  a  relative  linear  dis¬ 
placement  output  in  the  Y  direction  between  nodes  6  and  2  and  TX2  stands 
for  a  torquer  acting  in  the  X  direction  at  node  2.  The  output  weight 
In  parentheses  next  to  a  specification  represents  the  weight  that  the 
algorithm  assigned  to  that  output  on  the  final  iteration.  For  the 
given  (a,  it),  these  outputs  form  the  set  ?spc  and  have  no  effect  on 
the  LQ6  regulator.  As  expected,  the  algorithm  forced  all  actuators 
to  operate  at  their  specification  (i.e.  10  dn-cm).  The  data  shown  in 
Table  6.1  Is  the  result  of  16  iterations  of  the  input-constrained 
search  and  two  'step  size'  resets  were  required.  The  plots  of  Figures 
6. 4-6.6  show  the  normalized  values  of  each  input  (I.e.  Ejj.  /y..  versus 
the  iteration  number).  The  value  1.0  Implies  the  component  is  in 
specification,  and  the  value  of  the  last  data  point  is  printed  on  each 
plot. 

A  striking  feature  of  these  plots  is  that  the  algorithm  has 
essentially  converged  after  5-8  iterations  yet  continues  for  another 
8-11  Iterations.  This  results  because  in  8  iterations  the  algorithm 
converged  to  (Q*,  R^).  It  then  took  8  more  iterations  to  identify  the 
outputs  In  7  (I.e.  q^  0,  (Q*,  R^  (Q*R,  R^) ) .  This  Indicates  that, 
for  this  example,  the  e  of  .001  selected  for  the  algorithm  and  used 
In  setting  the  q^  -*■  0  threshold  was  smaller  than  necessary.  Since 
(Q*»  R^)  did  converge  to  (QjJjR,  R^  the  output  specifications  of  Table 
5.4  are  the  minimum  specifications  promised  by  Theorem  4  and  required 
by  (6.1b). 


Figure  6.5:  Hoop  Column  Input-Constrained  Solution 
(actuators  5-8) 


r.-j 

*  i 


C0NTRLIO9 


Figure  6.7  is  a  representative  example  of  the  behavior  of  4  out 
of  the  24  outputs  during  this  input-constrained  search.  The  plots  in 
this  figure  also  show  normalized  values  versus  the  iteration  number. 

6.5.2  Output-constrained  Solution 
The  output  constrained  search  produced  an  LQ6  controller  which 
satisfied  the  requirements  of  (6.2b).  The  results  are  shown  in  Table 
6.2.  The  numbers  in  parentheses  in  Table  6.2, as  in  Table  6.1,  repre¬ 
sent  the  weight  that  the  algorithm  assigned  to  that  particular  output 
on  the  last  iteration.  As  expected,  the  output-constrained  search 
drove  the  outputs  in  Y  to  their  specification.  It  also  assigned 

V 

zero  weights  to  all  outputs  in  7  .  Since  the  hoop-column  model  is 

v« 

controllable,  these  results  indicate  that  the  rank  of  the 
24x26  C  matrix  is  only  7  and  for  the  particular  (a  ,  u  )  outputs 
11,  12,  14,  16,  17,  20,  and  22  form  the  independent  set.  The  input- 
specifications  shown  in  Table  6.2  represent  the  minimum  torque  specifi¬ 
cations  required  by  (6.2b)  and  promised  in  Theorem  5.  The  data  is  the 
result  of  18  iterations  of  the  output-constrained  search  plus  two 
'reset  iterations'  (i.e.  PWR  reset  to  .5  and  previous  iteration  data 
restored).  Figures  6.8-6.13  display  the  normalized  values  of  each 
output  component  (1.0  implies  the  component  is  at  specification) 
versus  the  iteration  number,  and  reset  iterations  are  not  shown.  As 
in  Figures  (6. 4-6. 7),  the  last  data  point  is  printed  on  each  plot. 

The  apparent  'extra'  iterations  of  the  output-constrained  search,  as 
in  the  input-constrained  search,  are  necessary  to  identify  the  output 
in  ?c  (I.e.  q.j  0  V-  1 :  y^  e?c)  for  the  specified  e. 

Figure  6.14  is  a  representative  example  of  the  behavior  of  4  out  of 


Table  6.2:  Hoop  Column  Output-Constrained  Solution  Results 


'Je  u.2 

os  1 


Output# 

2 

Actuator  # 

O)  1 

(minimum  achievabl 

1 (AX2) 

.015  sec 

(q-j  *  0) 

*1 (TX2) 

24.252  dn-cm 

2(AY2) 

.015  sec 

(q2  3  0) 

*2(TY2) 

24.288  dn-cm 

3(AZ2) 

11.579  sec 

(q3  3  0) 

*3(TZ2) 

40.280 

4(AX10-AX2) 

.001  sec 

(q4  *  0) 

*4(TX6) 

24.253 

5(AY10-AY2) 

.001  sec 

(q5  =  0) 

*5(TY6) 

24.282 

6 (AZ10 ) 

12.001  sec 

(q6  3  0) 

*6(TZ6) 

40.869 

7(X6-X2) 

.010  inn 

(q7  3  o) 

*7(TX9) 

29.466 

8(Y6-Y2) 

.010  mm 

(q8  3  0) 

*8(TY9) 

29.496 

9(X9-X2) 

.068  mm 

(qg  3  0) 

*9(TZ9) 

41.963 

10(Y9-Y2) 

.068  mm 

(<ho  =  0) 

*10(TX10) 

36.026 

11(X10-X2) 

.158  mm 

*11 (TY10) 

36.056 

12(Y10-Y2) 

.158  mm 

*1 2 (TZ10 ) 

41.747 

13(X101-X10) 

.104  urn 

(q13  =  0) 

14(Y101-Y10) 

.158  mm 

15(Z101-Z10) 

.007  mm 

(q15  3  0) 

16(X107-X10) 

.158  mm 

1 7 (Y107— Y10) 

.156  mm 

18(Z107-Z10) 

.008  mm 

(q18  3  0) 

19 ( X113— X10 ) 

.122  mm 

(q19  3  o) 

20(Y113-Y10) 

.159  mm 

21  (Z113-Z10) 

.001  mm 

(q21  3  o) 

22(X1 19-X10) 

.158  mm 

23(Y1 19-Y10) 

.091  mm 

{q23  a  0) 

24(Z119-Z10) 

.001  mm 

(q24  3  o) 

2  2 

*  ->  specification  violation  (Eji^  >  ^  ) 


yj 


.*  "  »  *  •  *  •  *  *•  V*  "  * 

•  -*•'  **  -*.VvlS  


OUTPUT 1 01 .0X2  1  NORM  SPEC  (XIO3!  OUTPUTI 0? ,flY2  )  NORM  SPEC  ( X10  3) 


JumjT(os.fiifio-nr2i  norm  spec  ixio  -i  ourptmos.nzio  i  morn  spec 


OUTPUT ( 09. X9-X2  I  NORM  SPEC  GUTPUTt 10.Y9-Y2  )  NORM  SPEC 


ITERATION  NUMBER 


iteration  number 


OUTPUT t 


o.oo  io.oo  ac.oo 
ITERATION  NUMBER 


.1100 


.  .0900- 


\aeea""eeaaeeg>C 


0.30  10.00  30.00 

ITERATION  NUMBER 


0-  .1CS0 
to 


.1000  -i 


^  .0950 


— I  3  .0900 -j - 

30.0?  0.00 


10.00  30.00 

ITERATION  NUMBER 


0.00  10.00  30.00 

ITERATION  NUMBER 


Figure  6.13:  Hoop  Column  Output -Constrained  Solution 
(outputs  21-24) 


.  V* 


C0NTRL101 .TX2  )  NORM  SPEC  CONTRLI 02.TY2  )  NORM  SPEC 
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the  12  controls  during  the  output-constrained  search.  The  plots  of 
this  figure  also  display  normalized  values  versus  the  iteration  number. 

6.5.3  Summary  of  Hoop  Column  Results 
Physical  insights  into  the  control  of  the  hoop-column  antenna  will 
be  reserved  for  Chapter  7.  Of  interest  in  Section  6.5  has  been  the 
performance  of  LQGWTS  for  the  multi -input/output  hoop  model  SHoop 
(26,  24,  12,  39).  As  evidenced  by  the  data,  the  algorithm  converges 
to  the  Input-constrained  or  output-constrained  solution.  Considering 
the  fact  that  for  the  input-constrained  case,  the  algorithm  is  solving 
22  simultaneous  transcendental  equations  (12  input,  10  output),  and 
for  the  output-constrained,  case  17  simultaneous  transcendental  equa¬ 
tions  (17  output),  the  convergence  rate  Is  impressive.  For  a  larger 
e  value,  the  rate  would  have  been  even  faster.  It  should  also  be 
noted  that  only  2  out  of  the  36  Iterations  were  lost  due  to  Iteration 
resets.  Therefore,  for  the  hoop  column  model,  the  modified  successive 
approximation/descent  function  approach  of  LQGWTS  is  practical  and 
succeeds  in  tailoring  the  LQG  cost  functional  to  the  input/output 
requirements  of  the  SASLQG  problem!  The  next  section  shows  further 
evidence  of  the  validity  of  LQGWTS. 

6.6  Solar  Optical  Telescope  Example 
The  algorithm  LQGWTS  was  also  run  on  the  solar  optical  telescope 
model  steie(24,  3,  21,  45)  for  the  output,  sensor,  and  actuator  con- 
figuration  described  in  Section  4.4  and  the  (cr,  y  )  specification 
of  Table  4.14.  As  In  the  hoop  case,  both  the  input  constrained  and 
output  constrained  options  were  run.  and  the  results  indicated  that 
an  LQG  controller  (diagonal  Q,R)  did  not  exist  to  meet  the  (a  ,  u  ) 


of  Table  4.14.  Therefore,  the  'minimum  achievable'  specifications 
of  (6.1b)  or  (6.2b)  were  again  sought. 

6.6.1  Input- Constrained  Solution 

Table  6.3  displays  the  results  for  the  input  constrained  solution, 
with  appropriate  labels  by  each  output  and  actuator  number.  The 
algorithm  placed  a  zero  weight  on  the  defocus  output,  and  for  the 
specifications  of  Table  4.14  the  set  Y  is  the  defocus  output.  As 
expected,  the  input-constrained  solution  required  all  actuators  to 
operate  at  their  specification,  and  the  output  values  of  Table  6.4 
for  the  given  actuator  constraints  represent  the  minimum  achievable 
output  specifications  required  by  (6.1b)  and  promised  by  Theorem  4. 

The  data  of  Table  6.3  Is  the  result  of  14  iterations  of  LQGWTS  plus 
two  'reset  Iterations.'  The  plots  of  figures  6.15-6.20  show  the 
normalized  value  of  each  input  and  output  component  versus  the  itera¬ 
tion  number  (reset  Iterations  are  not  shown),  and  the  value  of  the  last 
data  point  is  printed  on  each  plot.  From  looking  at  the  plots,  it 
appears  that  the  algorithm  converged  by  approximately  iteration  9. 

As  was  the  case  in  the  hoop-example,  the  'extra'  iterations  are 
required  to  identify,  based  on  the  specified  e  threshold  of  .001,  the 
outputs  in  ?c>  and  thus  guarantee  the  minimum  specifications  promised 
by  Theorem  4.  (i.e.  (Q*,  R^)  -»•  (QjjR,  R^)). 

6.6.2  Output- Constrained  Solution 
The  output-constrained  version  of  LQGWTS  produced  an  LQG  regula¬ 
tor  for  the  telescope  which  generated  the  data  of  Table  6.4. 


Table  6.3:  Telescope  Input-Constrained  Solution 


output  # 

*1 ( LOS  X) 

*2 (LOS  Y) 

3 (DEFOCUS) 

5 ( FY3 ) 
6(FZ3) 
7(FZ4) 
8(FX5) 

9  ( FY5 ) 
10(FZ5) 
11 (FZ6) 

1 2( FY7 ) 
13(FZ7) 

1 4  ( FZ8 ) 
15(FZ9) 

1 6  ( FZ1 0 ) 
1 7 ( FX1 1 ) 
18(FY11 ) 
1 9 ( FZ11 ) 
20(FY12) 
21  ( FZ1 2 ) 


(minimum  achievable) 

actuator  # 

8.809  deg 

1(FY1) 

8.465  deg 

2(FZ1 ) 

.003  mm  (q3  =  0) 

3(FZ2) 

4 ( FX3) 

* 


specification  violation  (E^. 


(specification) 
.01 N 


II 


Table  6.4:  Telescope  Output  Constrained  Solution 


output  # 

1 (LOS  X) 

2 (LOS  Y) 

3 (DEFOCUS) 


♦indicates 


A*2 

actuator  # 

*  l 

(minimum  acl 

65.227  sec 

*1 (FY1 ) 

.  021 N 

65.227  sec' 

*2 ( FZ1 ) 

.030N 

.003  mm  (qj  =  0) 

*3(FZ2) 

.037N 

*4(FX3) 

.041N 

*5(FY3) 

.021 N 

*6(FZ3) 

.030N 

*7(FZ4) 

.037N 

*8(FX5) 

.208N 

*9(FY5) 

.135N 

*10(FZ5) 

.  021 N 

*11 (FZ6) 

.025N 

*12(FY7) 

.  1 35N 

*13(FZ7) 

.021N 

*14(FZ8) 

•  025N 

*15(FZ9) 

.075N 

*16(FZ10) 

.075N 

*17(FX11 ) 

.265N 

*18(FY11) 

.  135N 

*19(FZ11 ) 

.089N 

*20(FY12) 

.  135N 

*21  ( FZ1 2 ) 

•  089N 

specification  violation 


(E.ui2  >  ^2) 


C0NTRU05.FY3  )  NORM  SPEC  C0NTRU06.FZ3  )  NORM  SPEC 


IT^tfPlON  NUMBER 


TERflTION  NUME 


Figure  6.16:  Telescope  Input-Constrained  Solution 
(actuators  5-8) 


i 


ITERATION  NUMBER 


ITERATION  NUMBER 


°'°°  ITERATION  NUMBER  3°’°°  °'°°  I T^  AT  LON  NUMBER 

Figure  6.17:  Telescope  Input-Constrained  Solution  (actuators  9-12) 


Si*  4  * 


CONTRLl 17.FX11  I  NORM  SPEC  ,  CONTRLl 18.FYI1  )  NORM  SPEC 


The  output-constrained  search  drove  the  outputs  y.  e  Y  to  their 

I  ^ 

specification  (i.e.  LOS  X,  LOS  Y)  and  zeroed  the  weight  on  the  defocus 
output.  The  actuator  specifications  shown  in  Table  6.4  represent  the 
minimum  achievable  input  specifications  required  by  6.2b  and  promised  by 
Theorem  5.  These  results  were  generated  in  10  iterations  of  the  algo¬ 
rithm  and  two  'step  size  resets'  were  required.  The  plots  of  Figure 
6.21  show  the  normalized  values  of  the  outputs  and  a  representative 
control  versus  iteration  number. 

6.6.3  Summary  of  Telescope  Results 
As  in  the  case  of  the  hoop  column,  LQGWTS  converged  to  both  the 
input  and  output  constrained  solutions  for  the  telescope.  There  was 
a  noti cable  difference  in  the  convergence  speed  for  the  input  and 
output  constrained  solutions,  and  this  is  a  direct  result  of  the  fact 
that  the  Input  constrained  option  was  simultaneously  solving  22  trans¬ 
cendental  equations  while  the  output  constrained  case  was  solving 
only  3.  In  addition,  the  data  indicated  that  an  e  larger  than  .001 
could  have  been  used, and  faster  convergence  would  have  resulted.  In 
terms  of  'reset  iterations,'  the  algorithm  lost  only  2  out  of  the 
total  28  iterations  performed  on  the  telescope.  Therefore,  both  the 
telescope  and  the  hoop  examples  have  demonstrated  that  LQGWTS  can 
successfully  tailor  the  LQG  cost  functional  to  satisfy  the  Input  and 
output  constrained  requirements  of  the  SASLQG  problem  and  this  ability 
is  fundamental  to  achieving  a  solution. 


C0NTRL121  .FZ12  1  NORM  SPEC  Ol)lPUT(Ol 


7.0  THE  SASLQG  ALGORITHM 


As  an  Introduction,  a  restatement  of  the  SASLQG  problem  from 
Chapter  3  is  appropriate. 

SASLQG  Problem  Statement 

Given:  A  system  of  type  S(n,k,m,&)  which  has  only  in 

out  of  m  actuators  and  l  out  of  i  sensors 

available  for  the  design  of  a  steady  state 

2  2 

LQG  regulator  which  must  achieve  (a  ,  y  ). 

Reoui red:  Specify  the  closed-loop  system  which  satisfies 
the  following  Input-constrained  or  output- 
constrained  requirements: 


Input-constrained 

If  (a2. 

2 

y  )  are  achievable. 

(7.1a) 

k 

Min  7 

S  1»1 

ViV 

subject  to  Ejj^2  ■  y^2  ¥-1*1, 

else. 

(7.1b) 

k 

Min  T 

S  i*l 

E-7iV 

AM:  ZJiZ  > 

Subject 

to  E.u,2  ■ 

-  2 

y,j  ¥■  1  ■  1  ,  . ..  m 

Output-constrained 
2  2 

If  (o  ,  v  )  are  achievable. 


(7.2a) 


in  «  _? 

Min  T  E  u./y  subject  to 
S  1*1  1 


1 ,  ...  k 


else. 


(7.2b) 


Subject  to  E^2  ■  of  ¥■  1  *  1,  ...  k 


For  the  approach  chosen  by  this  research,  there  are,  of  course,  two  key 
elements  in  solving  the  SASLQG  problem:  First,  tailoring  the  cost 
functional  V  so  that  the  LQG  controller  which  minimizes  V  also  achieves 
the  Input-constrained  requirements  or  the  output  constrained  require¬ 
ments,  and  second,  evaluating  the  effectiveness  of  the  role  of  each 
sensor  and  actuator  in  the  minimization  of  this  tailored  V.  Chapter  6 
provides  the  algorithm  LQGVITS  for  tailoring  V  so  that  either  the  input- 
constrained  or  the  output-constrained  requirements  are  satisfied  by 
the  LQG  controller.  Chapter  5  develops  the  sensor  and  actuator  values 

CM  arf 

l/.j  and  1/j  which  provide  a  relative  measure  of  the  effectiveness 
of  each  sensor  and  actuator  In  the  minimization  effort.  The  objective 
of  this  chapter  Is  to  combine  LQGWTS  and  ^act,  into  an  algorithm 

which  solves  the  SASLQG  problem.  Section  7.1  presents  the  facts  which 
were  considered  in  developing  the  algorithm  (SASLQG)  along  with  a 
discussion  of  the  general  flow  of  the  algorithm.  While  Section  7.2 


presents  the  detailed  steps  of  SASLQG.  The  algorithm  is  applied  to 
the  hoop-column  and  telescope  models  in  Sections  7.3  and  7.4  respectively 
and  concluding  comments  appear  in  Section  7.5. 


7.1  Important  Facts  and  Basic  Algorithm  Flow 

The  following  facts  merit  consideration  in  combining  LQGWTS  and 
Viact,  t^en  to  solve  the  SASLQG  problem. 

Facts 

(1)  The  data  of  Chapter  5  indicates  that  relative  1/^ 

(V.sen)  ranking  between  actuators  (sensors)  can 
change  as  a  function  of  Q  and  R.  This  fact  is 

,  further  illustrated  by  the  results  of  [12]  that 
showed  the  actuator  location  on  a  simple  beam  which 
minimized  V  was  a  function  of  Q  and  R. 

(2)  Qpj,  R^,  Qjjj,  Rjjj  change  when  the  actuator  and/or  sensor 
structure  change,  (i.e.  the  expressions  E^2,  E.u^2 
are  explicit  and  implicit  functions  of  B  and  M  which 
contain  actuator  and  sensor  configuration  information). 

(3)  The  results  of  [11],  [15]  and  [16]  have  shown  the 
sensor  and  actuator  selection  problems  to  be  highly 
coupled  and  that  simultaneous  selection  works  better 
than  sequential  selection.  For  a  simple  example  of 
coupling  note: 

V^ct  •  r1“2b1TKXKbi  -  [BT(K+L)BWa]i1 
l'isen  «  V1i"1miTPLPm1 

are  both  implicit  and  explicit  functions  of  actuator 
and  sensor  terms. 
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(4)  l/..sen  and  y.act  do  not  provide  insight  into  when 
deletion  of  a  sensor  or  actuator  will  cause  loss  of 
measurability  (observability)  or  controllability. 

(5)  From  Theorem  3  it  Is  known  that  deleting  sensors  can 
never  improve  regulator  performance. 

(6)  From  Theorem  2  it  is  known  that  deleting  noisy 
sensors  may  improve  regulator  performance. 

The  preceding  6  facts  suggest  the  following  flow  for  the  algorithm 
SASLQG. 

SASLQG  General  Flow 

(T)  Run  LQGWTS  (Input-constrained  or  output-constrained 
option)  assuming  that  all  admissible  sensors  and 
actuators  are  available  and  operating  (i.e.  S(n,k,m,£)) 

(D  Determine  y.act  and  l^sen  for  all  sensors  and  actuators 
and  then  rank  them  from  highest  to  lowest. 

■  Throw  out  the  lowest  ranking  sensor  and  actuator,  and 

all  others  of  'nearly'  the  same  ranking,  if  measurability 
and/or  controllability  of  the  system  are  not  disturbed. 

(4)  Return  to  (j)  until  the  appropriate  number  of  actuators 
and  sensors  have  been  deleted  (i.e.  m,  I).  However, 

In  light  of  Theorem  2,  fewer  actuators  than  m  might 
be  desirable  and  actuator  deletion  should  continue 
until  the  "minimum"  achievable  specifications  (i.e. 

(7.1)  or  (7.2)  are  no  longer  improving. 

Facts  (1)  and  (2)  have  dictated  the  order  of  steps  (T)  and  (2) 

In  the  above  described  general  flow.  More  specifically,  since  the 
ranking  of  effectiveness  values  can  vary  as  a  function  of  Q  and  R,  and 
we  are  Interested  In  effectiveness  rankings  for  a  V  which  produces 
a  controller  that  satisfies  (7.1)  or  (7.2),  the  effectiveness  values 


vTv^v' 
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should  be  based  on  the  Q  and  R  that  specify  the  desired  l/. 

Step  (J^  of  the  general  flow  results  from  facts  (3)  and  (4). 
Obviously  caution  must  be  exercised  in  deleting  sensors  and  actuators 
with  'nearly'  the  same  effectiveness  values  since  facts  (1)  and  (2) 
indicate  that  any  perturbation  in  the  sensor  and  actuator  configuration 
can  alter  relative  effectiveness  rankings  of  the  sensors  and/or  actuators. 
Also,  the  requirement  for  checking  measurability  and  controllability  is 
severe  however,  as  a  result  of  the  work  of  Skelton  and  Hughes  in  [65], 
the  controllability  and  observability  of  systems  in  modal  form  (i.e. 
(4.15))  can  be  done  virtually  by  inspection  for  systems  of  any  dimension. 

Facts  (5)  and  (6)  influence  the  rationale  behind  step  (4)  of  the 
general  flow.  If  m  sensors  are  allowed  then  according  to  Theorem  3,  m 
-ensors  should  be  used,  but,  of  course.  Theorem  2  invalidates  this 
philosophy  for  actuators.  Since  either  the  input-constrained  require¬ 
ments  or  output-constrained  requirements  are  sought,  the  requirement 
of  step  (4)  to  check  the  improvement  of  these  specifications  can  be 
met  easily,  by  checking  the  appropriate  sum  at  each  iteration: 


Input-constrained  Solution 
For  (7.1a)  check  for  decrease  in: 


(7.3) 


,1,  e^2/‘i2 
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Output  Constrained  Solution  (for  m_  actuators  present) 

a 

For  (7.2a)  check  for  decrease  in: 
ma 

(7.5)  I  E.u^/u,2 
1*1 


or 


m_ 


'f\  I  E.“l  /“I 


2 


For  (7.2b)  check  for  decrease  in: 

ma  ma 

(7.6)  V-1:  E.u,  >  u,;  I  E.u(2/u,2  or  1/m  T  E.u,2/^2 

ma  ,  . 

The  average  power  (1/m.  T  E  u.  /y,  )  is  considered  by  the  output- 

a  i=i  00  1  1 

constrained  checks  because  the  average  power  mlc^t  be  of  more  interest, 

a  p  o 

and  a  decrease  in  total  normalized  power  (i.e.  J  E  u.  /u.  )  cannot 

i*l  1  1 

guarantee  a  decrease  in  average  power  since  mfl  is  also  decreasing. 

Before  presenting  the  detailed  algorithm  the  question  raised  in 

arf 

Chapter  5  concerning  and  constrained  input  power  must  be  addressed. 

arf 

The  condition  under  which  was  derived  and  tested  in  Chapter  5 

assumed,  inplicity,  that  control  power  was  not  limited  to  an  extent 
which  would  prevent  other  actuators  from  being  able  to  increase  power 
to  compensate  for  the  essential  (noiseless)  contribution  of  a  deleted 
actuator.  In  the  input  constrained  situation,  these  conditions  could 
certainly  occur  and  did  for  the  hoop  column  example.  It  was  therefore 

arf 

necessary  to  modify  for  finding  SASLQG  input-constrained 

specifications.  After  considerable  testing,  the  following 


modification  was  found  to  work  for  both  the  hoop  and  the  telescope 
examples: 


where  Vu  *  £  l/.u 

1-1  1 


which  is  the  inverse  of  the  fractional  load  carried  by  the 


The  expression  in  (7.7)  does  have  intuitive  appeal  since  it  represents 

/''i  \ 

the  product  of  an  signal  to  noise  rati  of  — )  and  a  term 

f  W  ) 

\VW; 

remaining  actuators.  It  should  once  more  be  re-emphasized  that  (7.7) 
was  found  to  be  a  suitable  measure  of  actuator  effectiveness  only  In 
the  input-constrained  situation. 


7.2  The  Algorithm 

The  specific  details  of  the  algorithm  SASLQG  are  presented  in  thi 
section.  The  specific  steps  of  the  algorithm  will  be  presented  first 
and  a  brief  discussion  will  follow. 

Algorithm  SASLQG 

(Ty  Specify  the  number  of  sensors  (I)  and  actuators  (iii) 
that  can  be  used  In  the  design.  Choose  the  input- 
constrained  or  output-constrained  option  and  run 
LQGWTS  with  all  admissible  sensors  and  actuators 
present. 

(Jy  With  the  resulting  LQG  controller  (i.e.  (3.2)  and 
(3.6) ) .calculate  l/^sen  ■  l/^v  for  each  sensor  using 
(5.4f,g). 


V7  *7  -r.'Tl  v;  v\ 


*•-  V  ■** . 


*-  -V 
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W.  v  vr^r-  r:  *  J  _■  — ■ 


Input-constrained  option: 
actT 

Calculate  1  for  each  actuator  using  (7.7)  and 
(5.4a,d). 

Output-constrained  option: 

Calculate  l/jact  for  each  actuator  using  (5.8)  and 
(5.4a,d). 

( 3 )  Rank  the  sensors  from  highest  to  lowest  based  on 

V ,sen  values.  Rank  the  actuators  from  highest  to 
lowest  based  on  I/.  1  or  values. 

(4)  From  the  rankings  in  ^T)  ,  identify  the  lowest  ranking 
sensor(s)  for  which  deletion  would  not  disturb  the 
measurability  of  the  system.  Also,  identify  the  lowest 
ranking  actuator(s)  (from  the  ranking  in  (3)  )  for 
which  deletion  would  not  disturb  the  controllability 
of  the  system. 

(5)  Calculate  the  following  value: 

Input-constrained  option 

For  condition  7.1a:  calculate  (7.3) 

For  condition  7.1b:  calculate  (7.4) 

Output-constrained  option 

For  condition  7.2a:  calculate  desired  value  in  (7.5) 

For  condition  7.2b:  calculate  desired  value  in  (7.6) 

If  the  value  is  greater  than  the  value  for  the  previous 
iteration  and  the  number  of  actuators  is  less  than  m, 
restore  the  previous  iteration  actuator  configuration 
and  make  no  more  actuator  deletions. 

(Tj)  If  no  sensor  or  actuator  deletions  are  required.  Stop. 

(T)  Delete  the  identified  sensors  (i.e.  drop  the  appropriate 
rows  of  M  and  V,  and  the  appropriate  columns  of  V). 

Delete  the  Identified  actuators  (i.e.  drop  the  appropriate 
columns  of  B,D,R,W  and  rows  of  R,W). 


{D  Rerun  the  appropriate  option  of  LQGWTS  for  the 
reduced  system  and  go  to  (J). 

The  fortran  IV  subroutine  LQGWTS  has  been  modified  to  also  calcu- 

late  and  rank  the  actuator  and  sensor  effectiveness  values  (V.  or 
actI  v 

)  and  l/.|  ,  and  as  mentioned  in  Chapter  6,  Appendix  E  contains 
an  explanation  and  listing  of  this  program.  Therefore,  the  first  3 
steps  of  SASLQG  have  been  automated.  Steps  (4),  '  5^,  and  are 
performed  by  the  controls  engineer  based  on  the  output  of  LQGWTS  and 
of  course  some  form  of  controllability  and  measurability  check.  Both 
the  hoop  column  and  telescope  models  are  in  modal  form  and  the  observ¬ 
ability  checks  developed  by  Skelton  and  Hughes  [65]  can  be  applied  by 
inspection  to  these  models.  For  systems  not  in  modal  form  a  trans- 
formation  to  modal  form  could  be  helpful.  The  steps  &  and  8,  have 
been  automated  for  the  hoop  column  and  telescope  models  by  writing  a 
calling  program  for  the  subroutine  LQGWTS.  The  calling  program  can 
delete  any  necessary  row  or  column  of  the  system  matrices  by  simply 
specifying  the  actuator  or  sensor  number  to  be  deleted.  These  calling 
programs  are  labeled  LQHOOF  and  LQTELE  and  are  also  listed  in 
Appendix  E. 


7.3  Hoop  Column  SASLQG  Example 

The  SASLQG  problem  for  the  hoop  column  antenna  model  (SHo0p(26, 
24,  12,  39)  was  posed  in  Section  4.3.2  as  the  H.SAS  problem  and  is 
repeated  here  for  continuity. 

H.SAS  PROBLEM 

Given:  snoop(26,  24,  12,  39)  with  only  6  actuators  and 

12  sensors  available  for  designing  an  LQG  regulator 


to  achieve  the  (0  ,  y  )  specifications  of 
(4.16). 

Required:  Specify  the  closed- loop  system  which  satisfies 
either  (the  input  constrained  requirements  of 

(7.1)  or  the  output  constrained  requirements  of 

(7.2) . 

Before  presenting  the  results,  the  following  table  of  sensor  labels  is 
added  to  the  output  and  actuator  labels  used  in  Tables  6.1  and  6.2.  Note 
that  ARX2  stands  for  an  angular  rate  sensor  in  the  X  direction  at  node  2. 

Table  7.1:  Hoop  Column  Sensor  Labels 
Sensor  Sensor  Sensor 


Number 

Label 

Number 

Label 

Number 

Label 

1 

AX2 

14 

AY10 

27 

Z119-Z10 

2 

AY2 

15 

AZ10 

28 

ARX2 

3 

AZ2 

16 

X101-X10 

29 

ARY2 

4 

X6-X2 

17 

Y101-Y10 

30 

ARZ2 

5 

Y6-Y2 

18 

Z101-Z10 

31 

ARX6 

6 

Z6-Z2 

19 

X107-X10 

32 

ARY6 

7 

X9-X2 

20 

Y107-Y10 

33 

ARZ6 

8 

Y9-Y2 

21 

Z107-Z10 

34 

ARX9 

9 

Z9-Z2 

22 

X113-X10 

35 

ARY  9 

10 

X10-X2 

23 

Y113-Y10 

36 

ARZ9 

11 

Y10-Y2 

24 

Z113-Z10 

37 

ARX10 

12 

Z10-Z2 

25 

X119-X10 

38 

ARY10 

13 

AX10 

26 

Y119-Y10 

39 

ARZ10 

7.3.1  Input- Constrained  and  Output-Constrained  SASLQG  Results 
Tables  7.2  and  7.3  present  the  Iteration  by  Iteration  results  of 
the  SASLQG  input  constrained  and  output  constrained  options  applied 

to  the  hoop  column  antenna.  The  results  Indicated  that  no  LQG  control 

2  2 

ler  existed  to  meet  the  (0  ,  y  )  of  (4.16).  Therefore,  the  conditions 
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of  (7.1b)  and  (7.2b)  were  sought.  Both  tables  show  the  iteration 
number  and  the  sensors  and  actuators  identified  for  deletion  in  the 
next  iteration  with  their  effectiveness  values  in  parentheses.  Table 
7.2  lists  the  normalized  output  sum  (7.4),  while  Table  7.3  lists  the 
average  normalize  control  power  (7.6).  The  last  column  in  both  tables 
is  the  number  of  sensors  and  actuators  in  the  current  design. 

As  might  be  expected  for  an  input  constrained  case,  the  Iteration 
data  of  Table  7.2  Is  more  sensitive  to  actuator  deletion  than  sensor 
deletion.  Of  particular  Interest  is  the  large  jump  in  the  output 
value  between  Iteration  6  and  7.  For  certain  design  situations  this 
large  shift  could  warrant  a  hardware  change  from  6  to  7  actuators. 

The  (0)  effectiveness  values  for  (Z6-Z2),  (Z9-Z2),  and  (Z10-Z2)  result 
from  the  fact  that  these  measurements  correspond  to  rows  in  the  M 
matrix  which  have  very  close  to  zero  magnitude.  If  the  longitudinal 
axis  of  the  hoop-column  was  assumed  Incompressible  in  the  NASTRAN 
development  (a  reasonable  assumption)  then  that  would  account  for  the 
non-measurability  of  these  sensor  locations.  As  in  the  input-constrained 
case,  the  data  of  Table  7.3  was  more  sensitive  to  actuator  deletion 
than  sensor  deletion.  However,  a  significantly  different  sensor  and 
actuator  configuration  was  Identified.  The  largest  shift  In  the  input 
value  occurred  between  iterations  5  and  6  which,  as  in  the  input  case, 
corresponds  to  a  drop  from  7  to  6  actuators.  It  should  also  be  noted 
that  if  the  sum  of  Input  power  had  been  adopted  as  an  effectiveness 
criterion  Instead  of  the  average,  the  algorithm  would  have  continued 
to  delete  actuators  past  6  (i.e.  m). 


Table  7.2:  Hoop  Column  Input-Constrained  SASLQ6  Results 


Iteration 

Number 

Identified 

Sensors 

Actuators  (V^^l) 

Output  Value 
(7.4) 

Number  of 

Sensors /Actuators 

1 

• 

AZ10(. 000253) 

AZ2  (.000243) 
Z6-Z2(0) 

Z9-Z2(0) 

Z10-Z2(0) 

TX10(. 69642) 

300.15 

39/12 

2 

Z119-Z10(. 00840) 
AY2  (.00757) 

Z1 13-Z10(  .00707} 

TY10(. 69671) 

323.24 

34/11 

3 

AX10( .0160) 

AY1Q( .0159) 

AX2 (.01 07 ) 

TX9(. 75236) 

346.46 

31/10 

4 

Y6-Y2(.114) 
Z107-Z10(  .0768) 
X6-X2( .0682) 
Z101-Z10(  .0596} 

TY9(. 74576) 

410.39 

28/9 

5 

ARZ9( .260) 

ARZ10(.258) 

ARZ6(.258) 

TZ9(. 84762) 

472.46 

24/8 

6 

Y9-Y2(.772) 

X9-X2(  .768) 

TY2(. 82705) 

639.97 

21/7 

7 

Y119-Y10( 1 .242) 
Y107-Y1 0(1 .238) 
Y101-Y10(1.236) 

.... 

970.16 

19/6 

8 

ARX6(2.037) 

ARX2(2.037) 

.... 

975.48 

16/6 

9 

ARY2 ( 2 . 409 ) 
ARY6(2.408) 

.... 

980.27 

14/6 

Table  7.3:  Hoop  Column  Output-Constrained  SASLQ6  Results 


Iteration 

Number 

Identified 

Sensors 

Identified 
Actuators  (l/*ct) 

Ave  Input  Value 
(7.6) 

Number  of 
Sensors/Actuators 

1 

AZ10(. 00041 16) 
AZ2(. 000397) 
Z6-Z2(0) 

Z9-Z2(0) 

Z10-Z2  (0) 

TZ10(-1.362) 
TZ9(-1 .369) 

3.275 

39/12 

2 

AVI ( . 003362) 

AX10(. 003358) 

AY2(. 00226) 

AX2(. 00226) 
Z113-Z10C  .001942) 
Z119-Z10(. 001884) 

TZ6(-2.1405) 

3.592 

34/10 

3 

X6-X2(. 01457) 
Y6-Y2(. 01455) 

zioi-zio(.ono) 

Z107-Z10(.0108) 

TX10(-1.2055) 

3.699 

28/9 

4 

ARZ2(. 02844) 
ARZI0(. 02232) 
ARZ6(. 02238) 

TX9(-1.2917) 

3.997 

24/8 

S  . 

X9-X2(.0986) 

Y9-Y2(.0839) 

TX6<-1.4793) 

4.377 

21/7 

6 

ARX6(. 07648) 
ARX2(. 07648) 

— - 

4.829 

19/6 
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7.3.2  Sensor  and  Actuator  Configuration  Conparisons 

It  should  be  remembered  that  the  goal  of  the  SASLQG  input- 
constrained  and  output-constrained  algorithms  is  to  locate  the  l  out 
of  i  sensors  and  m  out  of  m  actuators  such  that  (7.1)  or  (7.2)  are 
best  achieved.  Since  no  proof  of  optimality  is  currently  available  for 
the  SASLQG  algorithm  just  presented,  the  important  question  is  whether 
another  configuration  exists  which  can  do  better  either  in  the  input- 
constrained  or  output-constrained  case.  For  the  hoop-column,  numerous 
configurations  of  6  actuators  and  12  sensors  have  been  tested,  and  none 
have  bettered  the  configurations  defined  by  Tables  7.2  and  7.3.  Of 
course,  all  possible  configurations  would  have  to  be  tested  to  theoreti 
cally  verify  the  optimality  of  the  configurations.  Table  7.4  and  7.5 
compare  the  Input-constrained  and  output-constrained  configurations 
respectively  with  each  other  and  2  other  possible  configurations.  In 
case  (2)  of  Table  7.4  TX2  of  the  input-constrained  configuration  was 
changed  to  TZ9.  This  gave  the  configuration  of  case  (2)  the  use  of 
all  z  torquers,  the  rational  being  that  if  3  Z  torquers  did  well,  four 
would  do  better.  For  case  (3)  of  Table  7.4  a  form  of  collocation  was 
attempted  where  all  torquers  were  collocated  with  rate  sensors.  In 
case  (4),  the  optimal  SASLQG  output-constrained  configuration  was 
tried  and  obviously  doesn't  do  very  well  for  an  Input  constrained 
solution. 

In  the  data  of  Table  7.5,  case  (2)  Is  a  collocation  configuration 
similar  to  the  one  In  Table  7.4.  The  measurements  for  case  (3)  of 
Table  7.5  were  deliberately  chosen  so  that  measurability  was  lost 
with  relatively  dlsasterous  results.  Finally,  in  case  (4)  the 
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(7.2b)  Average  5.0205*  5.463  14.389  5.235 

Specification  *==>  minimum 


optimal  Input-constrained  SASLQG  solution  is  seen  to  be  a  better 
approximation  to  an  output-constrained  solution  than  the  converse 
condition  in  Table  7.4. 

7.3.3  Physical  Insights 

Tables  7.6  and  7.7  provide  the  minimum  achievable  SASLQG  specifica 
tions  for  the  input-constrained  solution  and  output-constrained  solu¬ 
tion  of  the  H.SAS  problem.  These  specifications  are  valuable  In  the 
sense  that  they  represent  a  physically  realizable  set  of  specifications 
for  the  given  hoop  model  and  sensor  and  actuator  noise  characteristics, 
and  an  LQG  controller  has  already  been  designed  that  achieves  these 
specifications. 

The  data  presented  in  Tables  7.6  and  7.7  offer  other  useful 
Insights  into  the  control  problem.  As  noted  in  Chapter  6,  the  output 
specifications  of  Table  7.6  represent  the  minimum  achievable  specifi¬ 
cations  when  all  available  control  power  (in  a  stochastic  sense)  is 
being  used.  The  outputs  which  remain  the  farthest  above  specification 
represent  those  outputs  which,  for  the  given  specifications,  are  the 
hardest  to  regulate.  Dividing  the  (o  ,  y  )  specifications  of  (4.16) 
Into  the  results  of  Table  7.6  the  following  outputs  were  found  to  be 
significantly  above  specification  and  are  ordered  from  highest  to 
lowest:  16,  11,  22,  14,  13,  19,  6,  3,  9,  20,  17,  12,  23,  10,  15. 
Combining  the  output  labels  of  Table  6.1  with  the  hoop-column  schematic 
of  Figure  4.1  provides  a  physical  interpretation  for  these  outputs. 
Outputs  14,  16,  20,  and  22  are  tangential  displacements  of  the  hoop 
with  respect  to  the  feed  horn  at  node  10.  Outputs  13,  17,  19  and  23 
represent  radial  displacements  of  the  hoop  with  respect  to  the  feed 


Table  7.6:  H.SAS  Input-Constrained  Specifications 


Output  # 

ve^,2 

Actuator  # 

Specifications 

(minimum  achievable) 

1 (AX2) 

.534  “sec 

1  (TX2) 

10.000  dn-cm 

2(AY2) 

1.779  sec 

2  (TZ2) 

10.000  dn-cm 

3(AZ2) 

1265.6  sec 

3  (TX6) 

10.000  dn-cm 

4(AX10-AX2) 

.026  sec 

4  (TY6) 

10.000  dn-cm 

5(AY10-AY2) 

.085  sec 

5  (TZ6) 

10.000  dn-cm 

6(AZ10) 

1311.7  sec 

6  (mo) 

10.000  dn-cm 

7(X6-X2) 

1.247  mm 

8(Y6-Y2) 

.374  mm 

9(X9-X2) 

8.161  mm 

10(Y9-Y2) 

2.450  mm 

11(X10-X2) 

18.984  mm 

12(Y10-Y2) 

5.700  mm 

13(X1 01-X10) 

13.671  ran 

14(  Y101-Y1 0) 

15.141  nrn 

15(Z101-Z10) 

.767  mm 

16(X107-X10) 

20.573  mm 

17(Y1 07-Y10) 

7.503  nm 

1 8( Z1 07-Z1 0) 

.445  mm 

19(X113-X10) 

13.519  ran 

20(Y113-Y10) 

7.677  nm 

21  (Z113-Z10) 

.137  mm 

22( XI 1 9-X1 0) 

16.949  mm 

23( Y1 1 9-Y1 0) 

4.680  mm 

24  ( Zll  9-  Z1 0 ) 

.080  mm 

Table  7.7:  H.SAS  Output-Constrained  Specifications 


Output  # 


V  P 


V  E  u. ' 

oo  i 


Actuator  #  (minimum  achievable) 


1 (AX2) 

.015  sec 

1  TX2 

72.91  dn-cm 

2 ( AY 2 ) 

.015  sec1 

2  TY2 

26.145  dn-cm 

3 (AZ2) 

11.588  sec 

3  TZ2 

105.47  dn-cm 

4(AX10-AX2) 

.001  sec 

4  TY6 

26.138  dn-cm 

5(AY10-AY2) 

.001  sec 

5  TY9 

31.750  dn-cm 

6(AZ10) 

12.000  sec 

6  TY10 

38.812  dn-cm 

7(X6-X2) 

.010  mm 

8(Y6-Y2) 

.010  mm 

9(X9-X2) 

.068  mm 

10(Y9-Y2) 

.068  mm 

11(X10-X2) 

.158  mm 

12(Y10-Y2) 

.158  mm 

13(X101-X10) 

.104  run 

14 ( Y101 — Y1 0 ) 

.158  mm 

15(Z101-Z10) 

.007  mm 

1 6 (X107-X1 0 ) 

.158  mm 

1 7 ( Y107-Y10) 

.156  mm 

18(Z107-Z10) 

.008  mm 

1 9 ( XI 1 3~X1 0 ) 

.122  mm 

20( Y1 1 3— Y10) 

.158  mm 

21 (Z113-Z10) 

.001  mm 

22 (XI 1 9-X1 0) 

.158  mm 

23(Y1 19-Y10) 

.091  mm 

24(Z1 19-Z10) 

.001  mm 

horn.  Twisting  (i.e.  z  rotation)  between  the  top  and  bottom  of  the 
column  is  represented  by  outputs  3  and  6,  while  bending  and  x/y  rotation 
of  the  column  are  represented  in  outputs  11  and  12.  Therefore,  for 
the  given  sensor  and  actuator  locations  and  actuator  variance  constraints 
the  most  difficult  control  problems,  respectively,  are  regulating  the 
hoop  x-y  plane  rotations  with  respect  to  the  feed  horn,  keeping  the 
hoop  centered  with  respect  to  the  feed  horn,  and  minimizing  the  twist¬ 
ing,  bending,  and  x/y  rotation  of  the  column.  It  should  be  mentioned 
that  similar  output  information  can  also  be  obtained  from  the  output 
constrained  solution  by  noting  which  outputs  require  the  largest  ' s 
to  achieve  their  specification. 

Theorem  5  promises,  that  for  the  given  output  specifications, 

the  torquer  specifications  in  Table  7.7  represent  the  smallest  possible 

average  deviation  from  the  required  torquer  specifications.  A  natural 

consequence  of  this  situation  is  that  the  torquers  in  Table  7.7  with 

2 

larger  values  of  are  more  critical  to  overall  performance  and 

therefore  are  candidates  for  the  best  hardware  available  (i.e.  most 
reliable,  least  noisy  etc).  The  data  indicates  that  the  z- torquer  is 
the  most  critical  actuator,  and  since  hoop  rotation  with  respect  to 
the  feed  horn  and  column  twisting  are  some  of  the  most  difficult 
outputs  to  control,  this  result  is  certainly  not  surprising.  It 
should  also  be  mentioned  that  similar  critical  input  information  can 
be  obtained  from  the  Input-constrained  solution  by  noting  which  inputs 
require  the  largest  r^'s  to  operate  at  their  specification.  Comparable 
insights  and  results  exist  for  the  telescope  SASLQ6  example  presented 
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7.4  Telescope  SASLQG  Example 

The  SASLQG  problem  for  the  solar  optical  telescope  model  (Ste-je 
(24,  3,  21,  45))  was  posed  in  Section  4.3.2  as  the  T.SAS  problem.  The 
problem  is  repeated  here  again  for  continuity. 

T.SAS  Problem 

Given;  Stele  (24,  3,  21,  45)  with  only  12  actuators  and 

12  sensors  available  for  designing  an  LQG  regulator 
to  achieve  the  (a2,  y2)  specification  of  Table  4.14. 

Required;  Specify  the  closed- loop  system  which  satisfies 

either  the  Input  constrained  requirements  of  (7.1) 
or  the  output  constrained  requirements  of  (7.2). 

Before  presenting  the  results,  the  following  table  of  sensor  labels 
is  added  to  the  output  and  actuator  labels  used  in  Tables  6.3  and  6.4; 
Note  that  Y1  represents  a  linear  displacement  sensor  in  the  Y  direction 
at  node  1  and  LRZ3  represents  a  linear  rate  sensor  in  the  Z  direction 
at  node  3. 

7.4.1  Input- Cons trained  and  Output- Cons trained  Results 

Tables  7.9  and  7.10  present  the  Iteration  by  Iteration  results  of 
the  SASLQG  Input-constrained  and  output  constrained  options  when 
applied  to  the  T-SAS  problem.  The  results  indicated  that  no  LQG 
controller  existed  to  meet  the  (a2,  y2)  specifications  of  Table  4.14 
and  therefore  the  conditions  of  7.1b  and  7.2b  were  sought.  The 
tables  follow  the  same  format  as  Tables  7.2  and  7.3. 

The  first  point  of  interest  In  the  data  Is  that  in  Iteration  1 
of  both  solutions,  the  measurements  of  the  outputs  were  deleted.  It 
should  be  rementoered,  however,  that  the  goal  of  Kalman-Bucy  filter  is 
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Table  7.8:  Telescope  Sensor  Labels 


Sensor 

Number 

Label 

Sensor 

Number 

Label 

Sensor 

Number 

Label 

1 

LOSX 

16 

Z7 

31 

LRZ4 

2 

LOSY 

17 

Z8 

32 

LRX5 

3 

DEFOCUS 

18 

Z9 

33 

LRY5 

4 

Y1 

19 

Z10 

34 

LRZ5 

5 

Z1 

20 

xn 

35 

LRZ6 

6 

12 

21 

Yll 

36 

LRY7 

7 

X3 

22 

zn 

37 

LRZ7 

8 

Y3 

23 

Y12 

38 

LRZ8 

9 

Z3 

24 

Z12 

39 

LRZ9 

10 

Z4 

25 

LRY1 

40 

LRZ10 

11 

X5 

26 

LRZ1 

41 

LRX11 

12 

Y5 

27 

LRZ2 

42 

LRY11 

13 

Z5 

28 

LRX3 

43 

LRZ11 

14 

Z6 

29 

LRY3 

44 

LRY12 

15 

Y7 

30 

LRZ3 

45 

LRZ12 

Table  7.9:  Telescope  Input-Constrained  SASLQ6  Results 


Iteration 

Number 

Identified 
Sensors  (1^“") 

Identified  . 

9Cur 

Actuators  (t^  ) 

Output  Value 

(7.4) 

Number  of 
Sensors/Actuators 

1 

Y3(. 01176) 

Y1(. 01176) 

LOSYf. 00003) 
10SX(. 000002) 
DEFOCUS (0) 

FX11  (.50204) 

937.38 

45/21 

2 

Y12(. 04943) 

Y7{. 04943) 

YU  ( .04943) 

Y5{. 04943) 

FX5 ( . 4600 ) 

804.27 

40/20 

3 

Z6(. 050868) 

Z8(. 050864) 

Z5( .04841) 

Z7( .04841 ) 

FY12(. 66234) 

FY7(. 66234) 

627.29 

36/19 

4 

Z2(. 07382) 

Z4(. 07182) 

Z3(. 06732) 

Z1  (.06595) 

FY11(. 61612) 

FY5(. 61612) 

726.68 

32/17 

5 

Z10(.  13672) 

Z9(. 13672) 

FZ1K.6171) 

FZ12(.6171) 

745.53 

28/15 

6 

LRY3(  .2820) 

LRY1 ( .2820) 

Z1 1 ( . 2289 ) 

X3( . 1920) 

FZ9(.6037) 

790.47 

26/13 

7 

LRZ7(.3457) 

LRZ8( . 3451 ) 

LRZ5(  .3040) 

788.48 

22/12 

3 

IRZ4(.5234) 

LRZ3 ( . 5173 ) 
LRZH.4515) 
LRZ6(.3895) 

mmmm 

788.96 

19/12 

9 

IRZ9(1 .214) 

IRX3(. 62263) 
LRZ2(.  60428) 

790.70 

15/12 

Table  7.10:  Telescope  Output-Constrained  SASLQG  Results 


Iteration 

Number 

Identified... 

Sensor 

Identified 

Actuators  (V^1) 

Ave.  Input  Value 
(7.6) 

Number  of 
Sensors/ Actuators 

1 

Y3(. 008197) 

Y1 (.008195) 
L0SY(. 000015) 
L0SX(. 000002) 
DEFOCUS (0) 

FX1U-7.980) 

7.483 

45/21 

2 

Z5(. 02955) 

Z7{. 02955) 

FX5(-8.796) 

7.393 

40/20 

3 

Y12(. 03848) 

Y7( .03848) 

Y11(. 03848) 

Y5(. 03848) 

Z2(. 03835) 

Z4. 03835) 

Z1(. 03570) 

Z3  .  03570) 

Z6(.  03460) 

Z8(. 08460) 

FY7  (-4.003 ) 
FY12(-4.003) 

FY11 (-4.003) 
FY5(-4.003) 

7.221 

38/19 

4 

Z10(. 08602) 

Z9(. 08602) 

X3(. 08277) 

FZ11 (-4.8877) 
FZ12(— 4.8877) 

7.789 

28/15 

5 

LRY3(1 .0815) 

LRY1 (1.0813) 

FZ9(— 5.414) 

8.155 

25/13 

6 

LRZ7(. 12273) 
LRZ5(. 11553) 

— — 

8.339 

23/12 

7 

LRZ1(. 16805) 
Zll(. 16129) 
LRZ6(. 13838) 
IRZ8(. 13615) 

— • 

8.359 

21/12 

8 

LRX3( .2237) 

LRZ2  .2191) 

IRZ4(  .2077) 

LRZ3( . 1960) 

8.416 

17/12 

9 

LRZ9(. 47256) 

— - 

8.492 

13/12 

10 

— 

— — 

8.535 

12/12 

to  estimate  the  state  of  the  system  not  necessarily  the  output.  For  the 
telescope  example,  the  noise  present  on  the  output  measurements  made 
them  unattractive  to  the  filter.  For  Table  7.9,  iterations  3  and  4 
indicate  that  19  or  possibly  18  actuators  are  an  optimal  configuration 
if  hardware  constraints  permit.  From  Table  (7.10)  the  optimal  number 
lies  between  19  and  15.  It  should  be  noted,  however,  that  the  output 
value  in  Table  7.9  again  began  decreasing  from  Iteration  6  to  iteration 
7,  and  according  to  the  algorithm,  actuator  deletions  should  have 
continued.  This  oversight  was  just  recently  noted  and  time  has  not 
permitted  a  continuation  of  the  actuator  deletion  sequence  to  determine 
if  fewer  than  12  actuator  is  a  better  configuration.  As  was  the  case 
for  the  hoop,  iterations  7-10  in  both  tables  indicate  that  the  sensor 
deletions  are  not  having  as  much  Impact  on  the  regulator  design  as 
actuator  deletions.  Finally  although  not  immediately  obvious  from  the 
data  In  the  tables,  both  the  input-constrained  and  the  output-constrained 
options  converged  to  the  same  sensor  and  actuator  configuration. 

7.4.2  Sensor  and  Actuator  Configuration  Comparisons 
As  in  the  hoop  example  numerous  other  configurations  were  tested 
and  compared  to  the  SASLQG  solution  to  the  T.SAS  problem.  Since  both 
the  Input-constrained  and  output-constrained  options  converged  to  the 
same  configuration,  the  results  of  both  comparisons  are  presented  in 
Table  7.11  for  the  same  test  configurations.  None  of  the  tested 
configurations  did  better  than  the  LQGSAS  solution  including  of 
course  the  configurations  In  Table  7.11.  Case  (2)  is  a  configuration 
which  collocates  the  actuators  with  the  majority  of  the  optimal 
sensor  locations  defined  in  the  SASLQG  solution.  Case  (3)  is  a 


Table  7.11:  Input/Output-Constrained  Configuration  Comparison  (T.SAS) 
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collocation  of  the  sensors  with  the  optimal  actuator  locations  of  the 
SASLQG  solution.  Comparing  cases  (2)  and  (3)  further  indicates  that 
actuator  location  is  driving  the  control  design  process  more  than  the 
sensors.  The  primary  reason  for  this  being  the  number  of  actuators, 
and  the  power  constraints,  and  noise  level  on  the  actuators.  Case  (4) 
of  Table  (7.11)  used  all  the  actuator  locations  rejected  by  the  SASLQG 
algorithm  plus  the  majority  of  the  optimal  sensor  locations. 

7.4.3  Physical  Insights 

Tables  7.12  and  7.13  provide  the  minimum  achievable  sepcifi cations 
for  the  SASLQG  input-constrained  solution  of  the  T.SAS  problem.  As  in 
the  hoop  column  example,  these  specifications  are  valuable  in  the 
sense  that  they  represent  a  physically  realizable  set  of  specifications 
for  the  given  telescope  model  (S(24,  3,  12,  12)),  and  an  LQG  controller 
has  already  been  designed  that  achieves  these  specifications. 

The  data  presented  in  Tables  7.12  and  7.13  also  offer  useful 
insights  into  the  control  problem.  Remembering  that  the  output 
specification  on  LOSX  and  LOSY  is  65.2  sec,  and  that  the  specification 
or  defocus  Is  .001  mm.  It  Is  easy  to  see  that  LOSX  and  LOSY  are  well 
above  specification.  Since  the  specifications  are  the  minimum  achiev¬ 
able  specifications,  LOSX  and  LOSY  must  be  the  most  difficult  outputs 
to  control.  Using  this  same  reasoning  and  recalling  that  the  actuator 
specifications  are  .01N,  the  most  critical  actuator  in  the  current 
control  configuration  Is  FZ10. 

7.5  Concluding  Comments 

The  purpose  of  this  chapter  has  been  to  develop  and  test  an 
algorithm  which  solves  the  SASLQG  problem  using  the  actuator  and 
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Table  7.12:  T.SAS  Input-Constrained  Specifications 


i 

*4  u.2 
»  1 

Output  # 

(minimum  achievable) 

Actuator  # 

Specification 

1{L0SX) 

7.965° 

l(FYl) 

.01N 

2(L0SY) 

6.428° 

2(FZ1) 

W 

3 (DEFOCUS) 

.00002  mm 

3(FZ2) 

II 

4(FX3) 

II 

5(FY3) 

II 

6(FZ3) 

II 

7(FZ4) 

II 

8 ( FZ5 ) 

II 

9 ( FZ6 ) 

II 

10(FZ7) 

II 

11 (FZ8) 

II 

1 2 (FZ10) 

II 

Table  7.13:  T.SAS  Output-Constrained  Specifications 

^  ft? 


Output  # 

-'G7 

Actuator  # 

/c.“i 

(Minimum  achievable) 

1(L0SX) 

65.2  sec 

1(FY1) 

.059N 

2(L0SY) 

65.2  sec 

2(FZ1) 

.091N 

3 (DEFOCUS) 

.0002  mm 

3(FZ2) 

.084N 

4 ( FX3 ) 

.105N 

5 (FY3) 

.063N 

6(FZ3) 

.070N 

7(FZ4) 

.114N 

8(FZ5) 

.060N 

9(FZ6) 

.0585N 

10(FZ7) 

•  049N 

11 (FZ8) 

.075N 

12(FZ10) 

.  191N 

sensor  effectiveness  values  of  Chapter  5  and  the  weight  selection 
algorithm  of  Chapter  6.  This  was  accomplished  by  identifying  known 
facts  about  the  SASLQG  problem  and  then  using  these  facts  to  develop 
an  intuitively  appealing  algorithm  which  has  no  current  proof  of 
optimality.  The  algorithm  was  successfully  applied  to  the  substantial 
hoop  column  and  solar  optical  telescope  models.  The  documented  results 
have  supplied  not  only  a  sensor  and  actuator  configuration  but  also 
insight  into  the  optimal  number  of  noisy  actuators,  and  the  most 
demanding  outputs  and  critical  actuators  for  the  given  control  design. 
Finally,  if  the  desired  variance  specifications  cannot  be  met,  the 
algorithm  provides  a  set  of  minimum  achievable  specifications  along 
with  an  LQG  controller  which  produces  them.  With  the  results  of 
this  chapter,  a  summary  of  the  entire  research  may  now  be  presented. 
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8.0  CONCLUSION 


This  research  has  developed  and  tested  an  algorithm  which  aids  the 

controls  engineer  In  placing  sensors  and  actuators  (Inputs)  In  a  linear 

stochastic  system  S(n,k,m,ji)  to  'best  achieve*  a  set  of  variance 

specifications  (a  ,  u  )  on  the  outputs  and  Inputs  of  the  system.  The 

term  'best  achieve*  has  been  defined  In  the  Introduction  to  be  the 

sensor  and  actuator confl guratl on  which  enables  a  controller  to  do  either 

of  the  following:  Meet  the  Input  specifications  while  minimizing  a  sum 

o 

of  output  variances  normalized  by  their  specification  (o  ),  (l.e.  input- 
constrained  solution),  or  meet  the  output  specifications  while  minimizing 
a  sum  of  Input  variances  normalized  by  their  specification  (u  )  (i.e, 
output-constrained  solution). 

The  approach  taken  to  solve  this  sensor  and  actuator  selection 
(SAS)  problem  was  to  use  LQG  theory  to  specify  a  structure  for  the 
controller,  and  then  develop  an  algorithm  (SASLQG)  that  places  sensors 
and  actuators  In  this  controller  structure  to  achieve  either  the  input- 
constrained  or  output-constrained  solution.  The  advantages  and 
disadvantages  to  this  approach  were  discussed  in  Chapter  3.  The  main 
advantage  being  the  mathematical  ease  with  which  LQG  theory  addresses 
variance  constraints,  and  the  main  disadvantage  being  that  there  may 
be  other  controller  structures  which  do  better. 


8.1  Contributions 


In  applying  LQ6  theory  to  solve  the  SAS  problem  two  specific 
extensions  of  the  theory  resulted.  The  first  was  the  development  of 
the  sensor  and  actuator  effectiveness  values  l/..sen  and  t/.act  in  Chapter 
5.  These  values  determine  the  Importance  of  each  sensor  and  actuator 
to  the  LQG  controller  when  both  the  sensors  and  actuators  are  assumed 
noisy.  The  second  extension  was  the  development  of  the  Algorithm  LQGWTS 
in  Chapter  6.  This  algorithm  provides  a  systematic  method  for  adjusting 
the  weighting  matrices  In  the  LQG  cost  functional  (/  so  that  the  controller 
which  minimizes  l /  also  satisfies  either  the  input-constrained  or  output- 
constrained  variance  requirements. 

These  two  extensions  were  combined  to  form  the  sensor  and  actuator 
selection  algorithm  SASLQG  In  Chapter  7.  The  algorithm  was  applied  to 
two  substantial  models  of  large  space  structures  and  the  resulting 
configurations  although  not  guaranteed  to  be  optimal  achieved  better 
performance  than  any  alternative  configuration  tested.  As  noted  in 
Chapter  7,  the  algorithm  also  provides  insight  into  the  sensitivity  of 
the  controller  design  to  sensor  and  actuator  deletions  and  therefore. 
Insight  into  an  optimal  minber  for  both  sensors  and  actuators.  Lastly, 
the  algorithm  also  provides  information  which  Identifies  the  most 
demanding  outputs  and  the  critical  actuators  for  the  final  sensor  and 
actuator  conf 1 gu  rati on . 

8.2  Recommendations  for  Further  Research 

It  Is  felt  that  the  algorithm  SASLQG  has  made  an  Important  contri¬ 
bution  to  the  problem  of  selecting  noisy  sensors  and  actuators  for 
regulating  linear  systems  with  variance  constraints  on  both  the  inputs 


and  outputs  of  the  system.  In  light  of  this  contribution  the  following 
recommendations  are  made  for  further  research: 

8.2.1  Discrete  Time  Systems/Deterministic  Systems 

The  results  of  this  research  should  be  extendable  to  both  discrete 
time  systems  and  deterministic  systems.  The  only  changes  currently 
forseen  for  a  discrete  time  system  would  be  using  discrete  versions  of 
the  continuous,  steady  state  Riccati  and  Lyapunov  equations  currently 
used  in  the  algorithm.  For  deterministic  systems,  the  regulation 
constraints  will  take  different  forms  but  the  process  of  tailoring  the 
cost  functional  to  achieve  these  constraints  and  then  determining 
sensor  and  actuator  contributions  should  still  be  possible  using  a 
modified  version  of  the  LQGWTS  update  equations  and  i/^ct  and  l/*en. 

The  specific  details  should  be  investigated. 

8.2.2  Sensors  Constraints 

It  is  conceivable  that  variances  constraints  on  the  sensors  of  a 

o 

system  (i.e.  B  z*  )  may  need  to  be  within  some  bound.  Incorporation 

oo  1 

of  these  bounds  appears  possible  through  the  techniques  developed  in 
this  research  and  should  be  researched. 

8.2.3  SASLQG  Simplification 

The  algorithm  SASLQG  requires  running  the  algorithm  LQGWTS  at 
each  Iteraction  to  tune  the  cost  functional  before  the  next  set  of 
deletions  occur.  Experience  has  shown  that  once  the  original  tuning 
has  been  done  (i.e.  LQGWTS  run  on  the  first  Iteration),  the  subsequent 
tunings  of  the  cost  functional  may  not  be  necessary.  If  conditions 
for  this  result  could  be  determined  a  substantial  computational  burden 
of  SASLQG  could  be  removed. 
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8.2.4  Non-Diagonal  Q  and  R 

While  it  is  known  that  any  cost  functional  which  uses  a  non-diagonal 
Q  and  R  can  be  converted  to  an  equivalent  diagonal  Q  and  R  cost  functional 
by  a  unitary  transformation  on  the  system  inputs  and  outputs.  It  is 
currently  not  clear  what  advantages  (if  any)  are  gained  by  using  the 
off  diagonal  elements  of  the  weighting  matrices.  This  area  needs  to  be 
investigated. 

8.2.5  PWR(j)  and  PWRy(j) 

There  Is  certainly  no  guarantee  that  the  PWR(j)  and  PWR  (j)  sequences 

choosen  for  the  exponents  In  the  LQGMTS  update  equations  are  the  best 

sequences.  Investigation  could  continue  In  this  area  by  testing 

j  eJ 

sequences  such  as  eJ  or  ^x-. 
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Appendix  A;  Proofs 


Theorem  1  proof: 

For  the  proof  of  equations  (5.4a,b)  begin  with  the  closed-loop 
system  representation  of  (3.3)  partially  repeated  here  for  convenience. 


x  *  Ax  +  8w  ;  x  -  (xT  iT)  ;  w  ■  (w^ 
xeR2n  ,  weRP+1 

y  *  Cx  ;  y  ■  [yT  uT]T  ;  {/eRm+k 


(Al) 


V  -  tjQy  ;  0. 


and 


"Q  01 
_0  R_| 


Ejftt)  wT(t)}  •  «a(t-c)  j 
Then,  the  following  holds: 


r 

i 


m 


T  T 

3 y  Qy  by  Qy  by 


9  'Ot  °9  *9  °9  T 

^ - *  1  *  ’*  •••  k 


■tort  t,.#'*  and  has  a  zero  In  all  antrtas  except  for  a  1  In  the  1 
entry.  By  the  sane  token  the  following  expression  Is  also  true, 
f 


th 


(A3) 


fcjwt  >  t,j  ;  1  ■  k+1,  —  k+m 


Substituting  A2  and  A3  Into  the  definitions  of  (5.3)  yields: 
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(A4) 


e^u.j}  ;  1  *  k+1,  ...  k+m 


v/  *  E.ty'W*}  ,  1  -  1,  ...  k 


*ri 


Letting  and  e“  be  k  and  m  dimensional  versions  of  e..  and  using  the 
partitions  of  y  and  £  In  (Al),  (A4)  can  be  rewritten  as  follows: 


V1U  "  £.{uTRe?  V  1*1.  ...  m 


(A5) 


f\  *  E.0'TQe^yi  >  1*1....  k 


Using  tr[AB]  *  tr[BA],  u  *  Gx,  y  ■  Cx  ,  gives: 


V*  «  E.trCeJg}  ™TGTR]  1  -  1  .  ... 


(A6) 


m 


V*  *  E.trCe^cjxxVq]  ,  1  -  1  ....  k 


where  g^  Is  the  1th  row  of  G  and  Is  the  1th  row  of  C.  The 
matrices  e“  g^T  and  e^y  c^T  can  be  recognized  as  matrices  of  all  zero 
rows  except  for  the  1th  row  of  G  or  C  respectively.  Therefore,  using 
this  fact  a  little  additional  linear  algebra  produces: 


v"  •  EJGxxVr]^  ;  1  -  1  ,  ... 


m 


(A7) 


Vf  *  EJCxxVq]^  ;  1  *  1,  ...  k 


Taking  the  expectation  of  A7  and  substituting  In  the  results  of  (3.5) 
and  (3.7)  for  the  steady  state  variances  of  x  and  x  gives  the  desired 
result 
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(A8) 


1^“  *  [GXSTR]ii  ,  1  -  1 ....  m 
Vf  -  [C(P+X)CTQ]ii  ,  1  -  1,  ...  k 


For  the  proof  of  (5.4c-g)  begin  by  recognizing  that 


w 


(AS)  v“  - 


V,  ,  1  -  1,  ...  P 


Vj  ,  1  *  P+1  ...  p+fc 


where  is  defined  as  follows: 


(A10)  V*  -  lira  -±-  ly^Qg)^}  ; 
t-**  1 


Using  the  known  solution  for  x  »  Ax  +  Bm/  the  solution  for  y  becomes 

(All)  y  -  Ce^xCo)  +  cf*  eA(t’T)Mr)dT 

J  o 


Therefore,  y  can  be  considered  a  composite  function  of  t  and  w(t).[66] 
Applying  the  chain  rule  for  composite  functions  to  the  partial  deriva¬ 
tion  In  (A10)  gives  the  following: 


2  3^  ^  ^ 


/a 


1 0- 

3W. 


Now,  (A10)  becomes: 
(A12)  V”  -  11m 
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The  term  |^-  can  be  Interpreted  as  the  contribution  the  i 
component  of  w  is  making  to  y.  Mathematically  this  can  be  expressed 


•  th 


as  follows: 


(A13) 

&-u. 
awi  i 

where 

(A12) 

b^  is  the 

gives: 

(A14) 

,th 


ATt 


t-H» 


T  (t-T)  T 

Jre  drCT] 


QC  f*  e^*"^ 

J  n 


(a)da> 


Upon  multiplying  out.  becomes 

(A15)  *  lim  Etf  xT(o)eATtCT<2.CeA(t"a)b.to.((j)da 

t-»-  Jo  11 


|t|wT(T)BTeAT^t"x^  CTaCeA(t'c)biwi (a)dxda 


Using  tr[AB]  *  tr  [BA]  and  Interchanging  the  integral  and  the  expec¬ 
tation  operators  gives 

(A16)  VjW  •  lim  tr { f  b.E{w, (o)xT(o)}  eA  tCTQ.CeA^t’a^dc 
1  t-M»  Jo  1  1 


j  j  b1E{u>i(a)wT(T)}  8TeA  (t-T)  cVeA(t"a)dxdo} 


I 

&! 
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but  from  the  assumed  noise  characteristics  of  (1.2) 

E(wi(a)xT(o))  «  0 

(c)u^(t)}  *  ft/*"1"  5(x-a)  ;  where  is  the  ith  row  of  W 
Therefore  (A16)  becomes: 

(A17)  V,w  »  11m  tr  f*  b.ft/iTBTeAT^t"0^CT!2CeA^t"0^do 
1  t-~  Jo  1 

Pulling  out  the  constant  terms  and  using  the  identity  tr(AB)  *  tr(BA) 
again: 

(A18)  V.M  -  lim  tr[8T  f*  e^*"0)  CT  Qpe^1'^  do  b.W11] 

1  Jo  1 

Let  S  be  defined  by: 

(A19)  S  »  lim  I*  C^Ce^^da 

t ;-*•  'O 

Using  this  definition,  A18  becomes: 

(A20)  Vf  •  trCB^W11] 

Equation  A20  can  be  written  in  the  more  convenient  form: 

(A21)  v"  -  C8Tsaw]1 1 


Since  A  is  a  stable  matrix  as  a  result  of  (1.3),  S  will  approach  a 
constant  matrix  as  t-*».  (i.e.  S-*0).  Make  the  following  change  of 
variable,  (t-o)  *  (r-t)  in  (A19): 
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(A22) 


lim  f2t  eA^ ( T" t ) cTQCeA ^ T" *  ^  dt  *  S 
t-H»  J  t 


Now  differentiating  A22  with  respect  to  t  and  making  use  of  Leibniz's 
rule  gives 

(A23)  5  *  11m  [2eA  tCTQCeAt  -  CT£C  +  f2t  ~e  ^  t^CTQCeA^T~t^dr 

t-***  ^ . 


f2t  AT(T-t)  ^  de^r!) 


C'QC 


dt 


dr] 


Now,  applying  the  property  of  state  transition  matrices  that 

dt  e 

to  A23  gives 

T  2t  T 

(A24)  $  »  11m  [2eA  Vqc  -  CT£C  -  ATf  eA  ^T"t^CTQ.CeA^T't^dT 

t+«  *  t 

-  [2teAT^T‘t^CTQCeA^T‘t^dT  A] 

Jt 

Letting  t-*»  In  (A24),  substituting  in  (A22)  and  remembering  that 
ATt 

11m  e  -*-0  for  stable  A  gives 


(A2S)  0  -  CTQC  +  A TS  +  SA 


The  steady  state  Lyapunov  equation  (A25)  is  a  2n  dimensional  equation 
which  by  direct  substitution  In  (A25)  can  be  shown  to  have  the  following 
solution 


(A26)  S 


"  K+t 

_-L 


where  K  Is  the  control  Rlccatl  solution  of  (3.2c)  and  L  satisfies: 


(A27)  L(A-FM)  +  (A-FM)TL  +  GTRG  -  0  (i.e.  5.4g) 

Therefore,  using  the  appropriate  partitions  of  (A21)  the  formulas 
(5.4d-f)  are  established.  ### 

Proof  of  Property  1 : 

From  [1]  It  Is  known  that  the  steady-state  cost  functional  1/  of 
(Al)  can  be  written  In  the  following  forms 

(A28)  V  -  tr[XCTQC] 

and 

(A29)  V  •  tr[S8W8T] 


where 

(A30)  AX  +  XAT  +  8W8T  ■  0 


194 


and 

(A31)  SA  +  ATS  +  CTQC  •  0  (i.e.  A25) 

The  form  of  the  2n  dimensional  matrix  S  has  already  been  given  in  (A26) 
and  by  direct  substitution  In  A30  the  2n  dimensional  matrix  X  can  be 
shorn  to  have  the  following  form 

A 

X' 

A 

x_ 

where  P  Is  the  filter  Rlccatl  solution  for  (3. 2d)  and  X  Is  the  estimate 
variance  matrix  of  (3.6).  Using  tr[AB]  *  tr[BA],  (A28)  and  (A29)  can 
be  rewritten  as 

(A33)  V  =  tr[CXCT0] 

(A34)  1/  =  tr[BTS8W] 

Using  the  partitions  of  A  and  B  defined  in  (3.3)  and  the  partitions 
of  3  and  X  defined  In  (A26)  and  (A32),  (A33)  and  (A34)  can  be 
rewritten  as: 

(A35)  V  •  tr[C(P+X)CTQ]  +  tr[GXGTR] 

(A36)  V  -  tr[DT(K+L)DW]  +  tr[FTLFV] 

Substituting  the  expressions  for  5.4  into  5.5  and  remembering  that 
0  ■  [B  D  ]  gives  the  following: 


-p+x 

(A32)  X  - 

X 


in  k 

(A37)  V  -  l  [G*GTR]. .  +  l  CC(P+X)CTQ3- . 

1-1  11  1-1  11 


(A38)  V  -  l  [DT(K+L)DW].,  +  \  [FTLFV3- . 

1-1  11  1-1  11 

By  the  definition  of  the  trace  operation,  (A35)  Is  equivalent  to  (A37) 
and  (A36)  Is  equivalent  (A38).  Therefore  Property  1  Is  proved.  ### 

Proof  of  Property  2: 

For  diagonal  R,Q,W  and  V  along  with  the  definitions  for  G  and  F 
In  (3.21),  l/^u,  l^w  and  can  be  written  as  follows: 

(A39)  1/^  *  biTKXKb1r1“1 

(A40)  V*  -  ciT(P+X)ci 

(A41 )  V*  =  d^K+Ljd^Wj  (w^  *  1th  diagonal  element  of  W) 

(A42)  -  m^PLPm.v.j"1  (v^  *  1th  diagonal  element  of  V)-1 

(m^T  -  1th  row  of  M) 

A 

Under  the  conditions  of  (1.3)  the  matrices  K,  P,  X  and  L  are  known  to 
exist  and  be  at  least  positive  semi -definite.  Therefore,  since 
l/^y,  and  l/^v  are  quadratic  expressions  which  use  these  matrices 
or  symmetric  products  of  these  matrices  as  weights,  they  can  never  be 
negative.  (Part  (a)  proved) 
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If  (AtC)  Is  observable, K (3.2c)  Is  known  to  be  positive  definite 
therefore,  assuming  t  0  and  remembering  >  0  ,  d^TKd.w^  will 
always  be  positive  and  from  (A41)  so  will  l/^w.  (Part  (b)  proved). 

A 

If  (A+BG.F)  Is  controllable,  then  X  in  (3.6)  Is  known  to  be 
positive  definite,  this  fact  coupled  with  the  fact  that  K  Is  positive 
definite  when  (A,C)  is  observable  guarantees  that  b^  KXKb..  and  c^  Xc1 
will  always  be  positive  provided  b^,  Cj  f  0.  Therefore,  as  indicated 
by  (A39)  and  (A40)  l^u  and  l/.y  will  always  be  positive.  (Proof  of 
part  c) 

IF  (A,D)  Is  controllable,  P  (3. 2d)  is  known  to  be  positive  definite. 
Therefore,  c^TPc^  >  0  always  and  from  (A40),  under  this  condition 
V*  >  0.  (Proof  of  part  d) 

If  (A-FM,  G)  Is  observable  then  the  matrix  L  defined  by  (5.4g) 

Is  known  to  be  positive  definite.  This  fact  coupled  with  the  fact 
that  P  Is  positive  definite  when  (A,D)  is  controllable  means  that 
m^PLPm^  >  0  and  d^Ld^  >  0  as  long  as  ,  d..  f  0.  Therefore, from 
(A41)  and  (A42)  >  0  ,  >  0.  (Proof  of  part  e) 

### 


Proof  of  Property  3: 

Under  the  state  transformation  x  *  Tq  ,  |T|  t  0,  where  x  is 
defined  to  be  the  state  of  the  system  S(n,k,m,£)  (i.e.  (1 . 1 )- (1 . 3) ) 
controlled  by  the  LQG  controller  of  (3.2),  the  following  identities 
hold:  (^  specifies  the  matrices  in  the  transformed  system) 


(A43)  A  -  T-1AT  ;  B  »  T_1B  ;  C  *  CT  ;  M  =  MT 
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(A44)  K  »  TTKT  ;  P  -  T^PT'1  ;  L  -  TTLT  ;  X  -  T“^XT‘T 

Using  the  definitions  for  G  and  F  In  (3.2)  and  substituting  the  Identities 
of  (A43)  and  (A44)  Into  (5.4)  the  transformation  matrices  T,  TT  are 
exactly  cancelled  by  T"1,  T*T  and  non-singular  state  transformation 
Is  seen  to  have  no  effect  on  the  quantities  l/^u,  ,  l^w,  and  . 

### 

Proof  of  Theorem  3:  Theorem  3  may  be  proved  by  showing  that  a 
system  of  type  (3.3)  operating  with  fewer  actuators  Is  not  guaranteed 
to  have  a  larger  total  cost. 

The  total  cost  of  system  (3.3)  can  be  shown  to  be:  [1] 


(A45)  l/(m,A)  -  tr[PCTQC  +  KPmVW] 


let  the  total  cost  of  the  system  operating  with  a  reduced  set  (1  or 
more)  of  Inputs  be: 

(A46)  l/(m-l  ,i)  -  tr[PRCTQC  +  KRPRMTV"1MPR3 

To  prove  Theorem  3,  a  relationship  between  P,  PR,  K,  KR  must  be  found. 
First  make  the  following  partitionings 


(A47)  B  s  D  - 


^R 

°RT~ 

> 

w  - 

“W 

*R 

WRT  I 
!  •• 

R  » 

^R 

rrt 

!_°TR 

°T  J 

WT 

L  RT 

«T  j 

rt 

_krt 

where  0R  Is  the  0  matrix  for  the  system  using  a  reduced  set  of  Inputs, 
For  clarity  let  WRT  s  0  and  RRT  2  0.  Substituting  (A47)  Into  the  P 
and  K  equations  of  (3.2)  gives: 


j*. 

f  »  . .  —  * .  •*•«*-» 1 
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(A48)  PAT  +  AP  -  PHVW  +  [DRWRDRT  +  D^D^]  *  0 

(A49)  KA  +  ATK  -  KCBrRr-1BrT  +  ByR^B^K  +  CTQC  =  0 

The  equations  for  PR  and  KR  are 
(A50)  PpA1  +  APr  -  PrMTV1MPr  +  DrWrDrT  *  0 

(A51)  KrA  +  -  KrBrRr‘1BrTKr  +  CTQC  -  0 

Now  subtract  (A50)  from  (A48)  and  (A51)  from  (A49): 

(A52)  (P-Pr)AT  +  A(P-Pr)  -  PhV7MP  +  PRMTV_1MPR  +  DyWyO,.1  -  0 

(A53)  (K-Kr)A  +  AT(K-Kr)  -  KBrRr_1BrTK  +  Kf^Bj^R^1  BRTKR  -  KBTRT"1BTTK  =  0 

Add  and  subtract  PMTVM-1PR  to  A52  and  add  and  subtract  KRBRRR_1BRTK 
to  A53: 

(A54)  (P-Pr)(AT  -  MTV-1MPr)  +  (A-PMTV-1M)(P-Pr)  +  DTWTDTT  *  0 

“  T~ 

(A55)  (K-Kr)(A  -  BRR-1BRTK)  +  (AT  -  KRBRRR'1BRT)(K  -  KR)  -  KByRy^ByK  *  0 

S-n— V— ■  w 

«S 

Adding  and  subtracting  KrBjRj"^BtTK  In  (A-55): 
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(A56)  (K-Kg)  (A+Bfi)  +  (A+BRGR)T  (K-KR)  -  -  0 

Add  and  subtract  (A-Fj^M)  (P-PR)  In  (A54) 

Add  and  Subtract  (A-»-BG)T(K-KR)  In  (A56) 

(A57)  (P-PR)(A-FRM)T  +  (A-FpM)  (P-PR)  +  (FR-F)  M(P-PR)  +  «  0 

(A58)  (K-KR)(A+BG)  +  (A+BG)T(K-Kr)  ♦  (GRTBRT-GTBT)(K-KR)  -  K^R^B^K  »  0 

substituting  back  the  values  for  F,  FR,  G,  GR  Into  (A57)  and  (A58)  and 
adding  and  subtracting  KpBjRf^BjTKg  In  (A58)  gives 

(A59)  (P-Pr)(A-FrM)T  +  (A-F^)(P-Pr)  -  (P-Pr)MTV'1M(P-Pr)  +  DTWTDTT  «  0 

(A60)  (K-Kr)(A+BG)  +  (A+BG)T(K-Kr)  +  (K-Kr)BR'1BT(K-Kr)  -  KRBTRT’1BTTKR  -  0 

multiplying  (A60)  by  a  minus  sign  yields: 

(Afii)  (kr-k)(a+bg)  +  (a+bg)t  (kr-k)  -  (kr-k)br"1bt(kr-k)  +  krbtrt‘1bttkr  =  G 

Equation  (A59)  and  (A60)  are  standard  steady-state  Rlccatl  equations. 

Since  the  reduced  system  Is  required  to  satisfy  (1.3)  and  the  original 
system  was  assumed  to  satisfy  (1.3),  both  (A-FRM)  and  (A+BG)  will  be 
assymptotlcally  stable.  This  means  that  the  matrices  [P-PR]  and 
exist  and  are  at  least  positive-semi -definite.  [1] 

Therefore, 


v.--- 


»-■ 
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(A62)  (P-PR)  >  0  P  >  PR 

(A63)  (Kj^-K)  >0  ^  >  K 

Now,  going  back  to  A45  and  A46  and  subtracting  A46  from  A45 

(A64)  V  -  VR  -  tr[(P-PR)  CTQC  +  KPmV]MP  -  KRPRMTV-1MPR] 

If  the  sign  of  (20)  Is  positive  then  the  reduced  set  of  actuators  Is 
more  efficient  than  the  full  set.  Therefore  If  a  feasible  situation 
exists  for  which  (A64)  Is  positive.  Theorem  3  Is  proved.  (A64)  can 
be  rewritten  as  follows: 

(A65)  V  -  VR  -  tR[C(P-PR)CTQ]  +  tr[M(PKP  -  P^P^mV1] 

From  (A65)  It  can  be  seen  that  PKP  _>  P^Pj^  is  sufficient  for  V  -  1/R  >  0. 
From  (A62)  and  (A63)  It  can  be  seen  that  the  definiteness  of  PKP  -  PRKRPR 
depends  on  the  relative  definiteness  of  (P-PR)  and  (KR-K) .  Therefore, 
PKP-Pj^KjjPp  could  feasibly  be  positive  definite,  negative  definite. 
Indefinite,  etc.  Consequently,  Theorem  3  is  proved. 

### 

Proof  of  Theorem  3: 

From  [1]  It  Is  known  that  the  LQG  cost  functional  V  (3.11)  can 
be  expressed  as  follows:  (using  the  notation  of  (3.2)) 

(A66)  V  -  tr[KDWDT  +  PGTRG] 


<•  V  >  \  \  •. 


Now  let  l/+  equal  the  cost  functional  for  the  system  operating  with  one 
additional  sensor.  Therefore. 

(A67)  l/+  -  tr[KDWDT  +  P+GTRG] 


where 


(A68)  p/  +  AP+  -  P+M+TV+“1M+P+  +  DWDT  =  0 


(A69)  M+  *  j  ;  meRn 

-  —  (l.e.  added  column  of  MT  matrix) 


V  0 


(A70)  *♦  0  v+  I  '•  ^ 

L  J  (l.e.  variance  of  new  sensor  noise) 


Subtracting  (A67)  from  (A66)  gives  the  following: 


(A71 )  aV  -  V  -  V+  •  tr[(P-P+)GTRG] 


Equation  (A71)  can  be  rewritten  as  follows: 


(A72)  AV  -  tr[(P-P+)GTRG]  -  tr[  /R&tP-P^  /RGT] 


Therefore,  If  (P-P+)  Is  at  least  positive  seml-deflnlte  the  theorem 
Is  proved. 

Recall  that  the  matrix  P  used  here  and  In  (3.2)  Is  defined  by 
the  following: 
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(A73)  PAT  +  AP  -  PMTV-1MP  +  0W0T  -  0 


Now,  subtracting  (A68)  from  (A73)  gives: 


(A74)  (P-P+)AT  +  A(P-P+)  -  PltW  +  P+M+TV+-1M+P+  =  0 


adding  +  PM+TV+"1H+P+  to  (A74)  yields: 


(A75)  (P-P+)(AT-M+TV+-1M+P+)  +  A(P-P+)  -  PmVmP  +  PM+TV+"1M+P+  »  0 


adding  +  P+M+TV+"Vl+P+,  +P+M+TV+"TM+P  to  (A75)  results  In: 


(A76)  (P-P+)(AT-M+TV+-1M+P+)  +  (A-P+M+'V+‘'M+)(P-P+)  -  PM'V'MP  + 


Tw  -1. 


PM+TV+"1H+P+  +  P+H+TV+"1M+(P-P+)  •  0 


adding  +  Pmv+"^mTp  to  (A76),  making  use  of  (A69)  and  (A70)  and  the 
definition  F+  ■  P+M+TV+-1  gives: 


(A77)  (P-P+)(A-F+M+)T  +  (A-F+M+)(P-P+)  -  PM+TV+_1M+(P-P+)  + 


P+M+V1M+(P-P+)  +  Pmv+“1mTP  •  0 


collecting  terms  gives: 


(A78)  (P-P+)(A-F+M+)T  +  (A-F+M+)(P-P+)  -  (P-P+)M+TV+"\(P-P+)  + 


Pmv+'1mTP  *  0 
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Equation  (A78)  Is  a  standard  matrix  Rlcattl  equation.  It  Is  well 
known  that  the  solution  to  (A78)  (l.e.  P-P+)  Is  at  least  positive  seml- 
deflnlte  If  the  matrix  (A-F+M+)  is  stable.  The  matrix  (A-F+M+)  will  be 
stable  If  the  matrix  pair  (A,D)  Is  stabilizable  and  the  pair  (A,M+)  Is 
detectable.  From  the  conditions  (1.3)  (A,B)  is  stabilizable  and  (A,M) 
Is  detectable.  Therefore  (A,M+)  must  be  detectable  since  adding  a 
row  to  M  (i.e.  generating  H+  cannot  effect  the  detectability  of  (A,M). 

### 


1 


Mil 


Appendix  B: 


and  the  Chen-Seinfeld  Switching-Function 


In  [1]  it  was  shown  that  the  switching  function  for  the  extended 
Chen-Seinfeld  method  of  optimal  selection  of  sensors  in  systems  of  type 
(1.1 )  was 


(Bl)  -  tr^.V-1^) 

where  m..  is  a  col  iron  of  and  A2  is  defined  by: 

(B2)  A2(A-PMTV_1M)  +  (AT-MTV"1MP)A2  +  KBR  "Vk  =  0 


/v 

where  P  is  defined  by: 

(B3)  PAT  +  AP  -  l  q.Pm.V'V?  +  BWBT  =  0 

i-1  1  1  1 

and 


X  L. 

1  if  1  sensor  is  to  be  used 

x  L_ 

0  if  1  sensor  is  to  be  deleted 


The  expression  for  V?  is  given  by  (5.4f),  using  F  =  PMTV_1  gives, 

(B4)  l/1v  =  [V'^MPLPM1]^ ^  =  V1  i _1m.  TPLPm.  (assuming  diagonal  V) 
where 

(B5)  L(A-PMV1M)  +  (A-rMTV'1M)TL  +  KBR_1BTK  =0 
(B6)  PAT  +  AP  -  PMTV_1MP  +  BWBT  =  0 


using  the  tr  AB  a  tr  BA  (Bl)  becomes: 

(B7)  a  S  »  tr[V’^mJpA-Pm.]  *  m.TPA-Pm.trV"^ 
c.|  1  c  1  i  c.  i 


comparing  eqs.  (B2),  (B3)  and  (B7)  to  eqs.  (B4),  (B5)  and  (B6)  it  is 


205 


apparent  that,  with  the  exception  of  the  trace  operation  on  V"1  in  (B7), 

is  equivalent  to  calculating  a  S  for  the  system  with  all  admissible 

ci 

measurements  present,  (i.e.  all  q^.  =  1  V-  1  in  (B3) ) . 


»] 


Appendix  C:  Conservative  Step  Size  Argument 


In  this  appendix  an  argument  is  presented  for  the  conservative 


nature  of 


V 1 1/2 


in  the  update  equations  for  LQGWTS.  The 


identification  of  a  conservative  step  size  is  fundamental  to  the  success 
of  LQGWTS. 

Substituting  (6.22)  with  PWR  =  1/2  into  equation  (3.19)  gives  the 


following  result: 


rn«+1> 


>,  K(j  )  XCJ )  KO  )  b, 


where  the  argument  (j)  after  the  matrices  K  and  X  implies  that  the  values 
of  Q  and  R  at  the  j**1  iteration  were  used  to  determine  the  matrices, 
adopting  this  notation,  the  steady- state  means  square  value  of  the  ith 

iiW 

control  at  the  j  +1  iteration  may  be  expressed  as  follows 

(C2)  EJu  2}|  =  r:fCj+l)b.  TK(j+l)X(jfl)K(jfl)b. 

i  |j+1  n  i  i 

Substituting  (C-l)  into  (C-2)  yields: 

2  2  bi  TK(j+l)X(j+DK(j+l)b. 

(C3)  EJu/)  =  w/  : - 1 

1  lj+1  1  b1  TK(j)X(j)K(j)b. 

Therefore,  if 

(C4)  E  {u  2}|  >v  2  and  b.TK(J+l)X(j+l)K(j+l)b.>b.TK(0  )X(J  )K(3  )b. 

1  lj+1  11  11  1 

then,  from  (C-3),  (C-l)  is  a  conservative  step.  Conversely,  if 


£c.<ui2>|  ^i2  and  biTK(j+l)X(j+l)K(j+l)b.<b.TK(j)X(j)K(j)b1 

J 


JFT  A-  A  HUL'AV.  A  ■  -  //A  A  A  A.  ^  o  -  •  *  .  i  .•  4-’  .• 


then  again  from  (C-3),  (C-1)  represents  a  conservative  step  size.  The 
arguments  presented  in  the  appendix  are  directed  toward  showing  that  the 
conditions  of  (C-4  and  (C-5)  should  hold  when  the  update  equation  of 
(3.5a)  is  applied  with  pwr  *  .5.  Now,  assume  the  following  situation 
exi sts 

(C6a)  E„{ui2}|  >  v*  V-  i  =  1,  ...  m 

j 

(C6b)  System  (1.1)  is  observable  and  stabilizable 
Applying  (3.5a)  with  pwr  »  .5  in  this  situation  yields: 

(C7)  R(j+l)>R(j)  (i.e.  xTR(j+l )x  >  xTR(j  )x.V-  x:  ||x||  t  (0) 

Under  condition  (C-7)  it  can  be  shown  that 

(C8)  K(j+l)^K(j)  (i.e.  x^K(j+l)x  >  xT  K(j)x  f  x). 

The  proof  is  not  included  here,  but  it  involves  the  differentiating  of 
the  control  Rlccati  equation  of  the  j  and  the  j  +1  iteration  and  then 
adding  and  subtracting  terms  until  a  Riccati  type  equation  results  for 
the  difference  matrix  (K(j+1)  -  K(j)). 

Given  (C-7)  and  (C-8),  the  following  conjecture  is  made: 

(C9)  conjecture:  X( j+1 )  >_  X( j ) 

Justification: 

Since  the  system  of  (2.1)  Is  assumed  observable  and  stabilizable, 

a 

X  is  known  to  be  equivalent  to  the  following  integral  equation: 

(CIO)  x(j)  «  |  e^A'*,Bs^^tFVFTe^A,fBG^^Ttdt 

o 
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It  Is  also  known  that  increasing  R  (i.e.  the  situation  in  (C-71  results 
in  the  closed-loop  system  poles  moving  toward  their  open-loop  positions 
(i.e.  G  -►  0).  If  the  open-loop  system  has  unstable  poles  (the  usual  case 
for  large  space  structures)  R(j+1)  R(j )  implies  that  some  eigenvalues  of 
[A+BG(j+l)]  will  lie  closer  to  the  imaginary  axis  than  any  of  the  eigen¬ 
values  of  [A+BG(j)].  That  is  (A+BG(j+l)  will  be  less  stable  than  [A-HJG(j)]. 

A 

Therefore,  in  determining  X(j+1)  from  C-10,  certain  terms  will  go  to  zero 

a 

more  slowly  than  they  did  in  the  X(j )  calculations  and  therefore  the 
infinite  integral  of  these  terms  must  be  larger  than  the  previous  itera¬ 
tion.  The  conjecture  of  (C-9)  is  based  upon  this  fact. 

Continuing,  if  K(j+1)  >  K(j),  and  X(j+1)  >  X(j)  it  is  straightforward 
to  show  the  following: 

(Cll)  K(j+l)X(j+l)K(j+l)  >  K(j)X(j)K(j) 

Given  (C.6a),  C. 11  immediately  implies  the  conditions  of  C.4  hold  and 
therefore  PWR  =  .5  in  (6.22)  would  be  a  conservative  step  size,  assuming 
no  Q  adjustments.  If, 

(C12a)  Ejuj2)]  <  u^2  V-  i  *  1,  ...  m,  and 

'j 

(Cl 2b)  System  (1.1)  observable  and  stabilizable 

fU 

Using  6.22  as  the  update  equation  for  the  j  +1  iteration  results  in 

(C13)  R(j+D<R(j) 

and  it  can  be  shown  that 
(Cl  4)  K(j+l)<K(j) 


> 

■>«. 


An  argument  that  parallels  the  one  offered  for  the  conjecture  of 
(C9)  can  be  used  to  justify  the  conjecture  of  Cl 5 

(C15)  conjecture:  X(j+1)  <_  X(j  ) 


•  *  *  *  *  ■>  *  *  *  ►  •«  * 


*-  y-‘  ^ 


■x  ,V 


It  is  then  again  straightforward  to  show  that 
( Cl 6)  K(j+1 )  X  K(j  +1 )  <  KC3)  X(j)  K( j) 

Given  Cl 2a,  Cl 6  implies  the  conditions  of  C.5  hold  and  therefore  pwr 
*  .5  in  (3.4a)  would  again  be  a  conservative  step  size  if  no  Q  adjust¬ 
ments  were  made. 

The  arguments  above  present  a  case  for  the  conservative  nature  of 
6.22  .  PWR  ■  .5  when  all  inputs  are  above  or  below  specification  and  no 
Q  adjustments  (l.e.  (6.29a)  not  used)  are  made.  No  statement 
is  made  about  the  situation  when  inputs  are  both  above  and  below  speci¬ 
fication  or  when  Q  adjustments  occur  simultaneously  or  by  themselves. 

In  fact,  an  analysis  such  as  described  above  cannot  be  applied  to  the 
output  mean  square  equation  (3.16)  and  the  Q  update  equation 
because  (3.16)  Is  not  an  explicit  function  of  Q.  However,  the  experi¬ 
ence  to  date  has  shown  that  pwr  *  .5  in  all  update  situations  generates 
a  conservative  step  size.  In  fact,  when  just  Q  adjustments  are  required 
pwr  *  1,  has  also  generated  a  conservative  step  size  and  pwr  =  .5 
automatically  generates  a  more  conservative  step  size  than  pwr  *  .1. 


2 

Appendix  D:  Necessary  and  Sufficient  Conditions  for  *0  VQ>,R>0. 

Given  the  system  (1.1  )  and  the  LQG  controller  (3.2  ) - (3 . 6  ) ,  the 
purpose  of  this  Appendix  is  to  identify  the  necessary  and  sufficient 
conditions  for 

(Dl)  b1TKXKb1  -  0  V-  Q  >  0,  R  >  0;  where  bi  =  ith  column  of  B, 

b.|  t  0 

A 

For  necessity,  consider  that  (D-l)  implies  that  K  >_  0  and/or  X  ^  0. 
Furthermore, 


(D2) 


K  >  0  -o-  (A,  C)  unobservable 
X  >  0  (A+BG,  F)  uncontrollable 


Thus,  the  necessary  condition  for  (Dl)  to  hold  Is:  (A,  C)  unobservable 
and/or  (A+BG,  F)  uncontrollable. 

For  sufficiency,  assume  first  that  (A,  C)  is  unobservable  and  (1.1) 
has  been  placed  In  observable  canonical  form.  (i.e.  x  =  Tx,  |T|  /  0 
Then,  the  following  is  true. 


(03) 

• 

x  * 

An 

_*21 

(04) 

y  - 

C'l 

(05) 

K  • 

*11 

,0 


J 


0]  and  z  *  Mx  +  v 


(control  Riccati  Solution;  >  0 


where. 
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(D6)  A  »  T-1AT;  8  *  T^B  =  [6r  ....  faj  ; 

V  -  T^D;  [C1  0]  =  CT  ;  M  =  MT;  K  =  TTKT 

Now,  from  (D3)  -  (D6),  the  following  can  be  deduced: 


(07)  Kb1  -  0  »  0 

and  since  >  0, 

(")  Kn\  - 0  ~  \  * 0  5  - 0  •  R  > 0 

Conditions  (D7)  and  (D8)  lead  to  the  following  sufficient  condition: 


Sufficient  Condition  fT)  :  If  (A,  C)  is  unobservable  and  the  ith  column 
of  8!  is  zero,  then  (01)  holds. 

Sufficient  Condition  (7)  describes  the  situation  when  the  ith  input 
has  no  effect  on  observable  states  of  the  system.  To  check  Sufficient 
Condition  'j)  directly,  it  would  be  necessary  to  place  (1.1)  in  observ¬ 
able  canonical  form.  This  numerical  burden  is  certainly  uncessary  for 
LQGVTTS  since  b.  \  *  0  does  not  depend  upon  the  particular  Q  >  0,  R  >  0, 
the  test  for  j)  (i.e.  b^X  *  0)  only  needs  to  be  conducted  on  the  first 
iteration  of  LQGWTS  or  whenever  an  output  weight  is  zeroed. 

Placing  the  estimation  dynamics 


(D9)  x  »(A  +  BG)x  +  F(z-Mx) 

(D10)  u  -  Gx 

A  A 

in  control  canonical  form  (i.e.  x  *  Sx,  |S|  +  0  yields: 


(Dll)  ** 


(z-Mx) 
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* 


( 01 2) 

u  *  [G1 ,  G2]  x] 

;  X  *  KU  o  x  11  >  0 

A 

_x2_ 

_0  0. 

where 

L11  L12 

“V 

S  (A+BG)S;  =S  'f 

(D13) 

= 

L?  L22_i 

0 

(014) 

[Gr  G2]  =  GS  ; 

/v  .u  _t 

X  =  s  'xs  1 

As  a  result  of  (D-l 1 ) -D-14)  the  following  holds: 

(D15)  E.u,2  »  r^b/xXKb,  -  [8,^,8,  ^  -  g,J  X,^, 

Equation  (D15)  leads  directly  to  Condition  (2). 


Condition  (2)  :  If  (A+BG,  F)  is  uncontrollable  and  g,  is  zero, 

t  ^  i 

then  bj  KXKbi  =  0. 

Note  that  Condition  'j)  does  not  imply  that  (Dl)  holds  since  we 

have  not  shown  that  g,  *  0  for  every  Q  >  0,  R  >  0.  Indeed  this  con- 

'i 

dition  cannot  be  shown  unless  the  controllability  of  (A+BG,  F)  is 


independent  of  the  values  of  the  matrices  Q  >  0,  R  >  0  when  the  rank 
of  F  is  less  than  n.  The  physical  significance  of  condition  2)  is 
that  Ejif  *  0  LQG  Controls  which  do  not  contain  estimators  states 
that  are  disturbed  from  z. 

Conditions  ])  and  2V  together  describe  all  the  possible  condi 
tions  for  which  (01)  could  hold.  As  a  result,  LQGWTS  performs  the 
following  sequence  of  steps  to  check  (oi). 

1.  On  the  first  iteration  and  any  time  a  q.j  Is  zeroed,  delete 
any  actuators  associated  with  a  zero  row  of  BTK  . 


O  i»L 

2.  Whenever  r^  adjustments  force  r.  <  e/u^  delete  the  i  actuator. 

(Condition  (T*  then  sufficient.) 

The  justification  for  step(|^  results  from  the  fact  that  update 

2  2 

equation  (6.22)  will  decrease  r..  as  long  as  <  u-  . 

Finally,  it  should  be  noted  that  when  an  actuator  is  deleted  it  is 

A 

also  necessary  to  recalculate  P  (3.2e)  since  D  *  [B  DQ] 


!!H!!ii!!!!HHii!!!!!H!!ii!i!!!l!i!i!!!H!!!!l!i!U 
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Appendix  E:  Program  Listings 
Program  LQGWTS 


SUBROUTINE  LQGUTS<NRA*NA.  AA*NRB»BB*NRD»NW»BD.NRU»UU»NRU.UUI*: 
~NRC.  CC.  NRM.  MM.  SIGMA*  MU*  TITLY.  TITLU.  TITLZ*  NY*  NU*  NZ*  FLAGS.  EY.  EU. 
~EYNORH,  EUNORM,  NRP*  PP.NRK.KK.  NRX.  XXH,  EIGAFM.  EIGABG.  NRQ.  QQ.  ff?R*  RRI* 
HK*  EPS*  ITMJM) 


GIUEN  THE  FOLLOWING  TIME-INUARIANT • LINEAR* STOCHASTIC  SYSTEM: 

DX/DT  ■  AA*X  +  BB*U  +  DD*U 
Y  ■  CC*X 
Z  »  MM*X  +  U 

DO  «  IBB* DO  ]  t  WHERE  BD  CAN  BE  0 
0  0 

WITH  THE  NOISE  CHARACTERISTICS: 

T 

ECU!  *  ECU]  »  0  t  ECU  (T)UC$)1  -  UU  *  DELTACT-*) 

T 

ECU  (T)UCS)]  ■  UU  *  DELTACT-S) 

UU  >  0  AND  UU  >  0 


DETERMINE  THE  STEADY  STATE  LOG  CONTROLLER  : 
t 

U  -  GG»X 

WHERE. 

ft  T 

DX/DT  »  AA*X  *  BB*U  +  FF*(Z  -  MM*X) 

-1  T 

GG  «  -RR  *  BB  *  KK 
T  -l 
FF  ■  PP  »  MM  *  UU 

T  -ITT 

KK*AA  +  AA  *KK  -  KK*BB*RR  *BB  *KK  +  CC  «aQ*CC  «  0 
T  T  -1  T 

PP*AA  +  AA*PP  — PP*MM  *UU  *MM*PP  +  DD*WU*DD  »  0 

SUCH  THAT  . 

2 

LIN  ECY  ]  .LE.  SIGMA(I)  l  FOR  ALL  I-1.....NY 

I 

a 

UN  ECU  ]  .LE.  MU(I)  t  FOR  ALL  I-1.....NU 

I 

ALSO.  DETERMINE  THE  SENSOR  AND  ACTUATOR  EFFECT I UENESS  UAUJES 


_  IF  NO  SOLUTION  EXSISTS  »  DETERMINE  THE  MINIMUM  OUTPUT 

SPECIFICATIONS  AND  THE  LOG  CONTROLLER  WHICH  KEEPS. THE  STEADY- 
STATE  MEAN-SQUARE  INPUT  UALUES  WITHIN  THEIR  ORIGINAL.  SPECIFICA¬ 
TION  CI.E.  AN  INPUT  CONSTRAINED  SOLUTION)  f 
OR  *  CONUERSELY  .  DETERMINE  THE  MINIMUM  INPUT  SPECIFICATIONS 
AND  THE  LOG  CONTROLLER  WHICH  KEEPS  THE ! STEADY-STATE  MEAN-SQUARE 
OUTPUT  UALUES  WITHIN  THEIR  ORIGINAL  SPECIFICATIONS. 

(l.E.  AN  OUTPUT  CONSTRAINED  SOLUTION) 


onnoooooonnnoonooooononnnnnnonnnoononoooononnononnnnnnnnoooo 

iUiiiiiiiiiiiiniiiiiiiHHiiiiiiiiHiiiUiUiiiiiiiiiiiiii 
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CNPUT  ARGUMENTS  - 

AA!NA.NA),BB!NA.NU).DD!NA.NU).UU!NU.NU),UUI!NZ»NZ)!IN- 

UERSE  OF  UU).CC!NY.NA),MM!NZ.NA>»  SYSTEM  MODEL  MATRICES 

WITH  ROW  DIMENSIONS  NRA.NRB.NRD.NRU.NRU.NRC.NRM  RESPEC- 

KI^nKnY.NZ.NUI  UECTOR  LEMGHTS  OF  X.U.Y.Z.-U  RESPECT I UELY 
SIGMA(NY) t  UECTOR  OF  OUTPUT  SPECIFICATIONS 
MU(NU)>  UECTOR  OF  INPUT  SPECIFICATIONS 
TITLYINY):  UECTOR  OF  10-CHARACTER  OUTPUT  LABELS 
TITLU!NU)t  UECTOR  OF  10-CHARACTER  INPUT  LABELS 
TITLZ(NZ):  UECTOR  OF  10-CHARACTER  SENSOR  LABELS 
FLAGSQ1)!  LOGICAL  PROGRAM  CONTROLS 

FLAGS! 1>«.T.  PRINTS  PARTIAL  ECHO  CHECK  OF  INPUT  DATA 
FLAGS(2)».T.  INPUT  CONSTRAINED  SEARCH  USED 
FLAGS!2)«.F.  OUTPUT  CONSTRAINED  SEARCH  USED 

FLAGS(3)-.T.  CHECK  FILTER  RICCATI  SOLN  _ 

FLAGS!4)-.T.  READ  INITIAL  GUESS  FOR  GW?  FROM  TAPE 

FLACS!5)«.T.  CHECK  CONTROL.  RICCATI  *  EST.  LYAP  SOLN 

FLACS(S)-.T.  PRINT  INTERMEDIATE  RESULTS 

FLAGS! ?)«.T.  STORE  INTERMEDIATE  RESULTS 

FLAGS! 8)-. T.  PRINT  FINAL  RESULTS 

FLACS!S)-.T.  STORE  FINAL  RESULTS 

FLAGS! 10)  USED  BY  SUBROUTINE 

FLAGS! 11)  USED  BY  SUBROUTINE 

UK*  REAL  WORK  UECTOR  OF  LENGTH  .GE. 

I4»NY+3*NU+4«NA*NA+NA«NU+MAX ! NA*NA. NY*NY. NU*NU)+ 

MAX!6*NA*NA+4*NA. NU*NU+2*NZ*NZ) I 

EPS: CONVERGENCE  BOUND  . . I.E. 

2 

!1-EPS).LE.!ECU  ]/MU!I)).LE. ! 1+EPS)  IMPLIES  CONVERGENCE 
I 

SUGGESTED  RANGE  .1  >  EPS  >.001T 
ITNUM:  MAX  NUMBER  OF  ITERATIONS  ALLOWED 


OUTPUT  ARGUMENTSr 

EY!NY* 1):  UECTOR  OF  CURRENT  OUTPUT  MS  UALUES  _ 

EYGNY.2):  UECTOR  INDICATOR  OF  OUTPUT  UTS.  BEING  UPDATED 
DURING  AN  INPUT  CONST.  SEARCH.! IE.  EY!I.2)-1. 
IMPLIES  UPDATE.) 

EU!NU.1)>  UECTOR  OF  CURRENT  INPUT  MS  UALUES 
EU!NU.2)X  UECTOR  INDICATOR  OF  INPUT  UTS  BEING  UPDATED 
DURING  AN  OUTPUT  CONST.  SEARCH. 

EYNORMfNY.2):  MATRIX  OF  THE  LAST  TWO  NORMED  OUTPUT  MS  UALS 
EUNORM! NU»2)S  MATRIX  OF  THE  LAST  TWO  NORMED  INPUT  MS  UALS 
PP!NA»NA)I  FILTER  RICCATI  SOLN.  ROW  DIMENSION  NRP 
KK!NA.NA):  CONTROL  RICCATI  SOLN.  ROU  DIMENSION  NRK  i 
EIGABG!4*NA)I  REAL  WORK  UECTOR.  EIGABGfl)  CONTAINS  THE  EI¬ 
GEN  UALUES  OF  AA+BB*GG 

EIGAFM!4*NA):  REAL  WORK  UECTOR.  EIGAFMU)  CONTAINS  THE  EI¬ 
GEN  UALUES  OF  AA-FF*MN 

XXH(NA.NA):  EST  UARIANCE.  MATRIX.  ROU  DIMENSION  NRX 

NOTES-  !1)  IF  FLAGS!4)*.F..  THE  PROGRAM  ASSIGNS  A  SET  OF  INITIAL 
WEIGHTS  WHICH  GIUES  A  COMPROMISE  SOLUTION. ! I .E.  THE 
AVERAGE  SPECIFICATION  DEUIATION  OF  ALL  COMPONENTS  IS 
MINIMIZED. 

!2)  IF  BB  «  DO  THE  PROGRAM  EXPECTS  THE  DD  ARGUMENT  TO  BE 


86iS  8  8  5SC  fe  C  1  i  i  I  i  i  I U  i  £  H  i  i  i !  i  i  i  I 
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SB.!I.E.  THE  00  MATRIX  IS  NOT  NEEDED)  .  THE  ALGORITHM 
DELETES  ACTUATORS  WHICH  HAUE  NO  EFFECT  ON  THE  OUTPUT. 

(3)  THE  PROGRAM  WRITES  AND  READS  OCCUR  ON  TAPE8 

(4)  SUBROUTINES  MDROP. MAREAD. MWRITE. AND  LYCHK  MUST  BE 
DECLARED  EXTERNALS.  THEY  ARE  LOCATED  AT  THE  BACK  OF 
LQGWTS 

(5)  IF  THE  ALGORITHM  HAS  NOT  CONUERGED  IN  THE  ALLOWED 
NUMBER  OF  ITERATIONS.  IT  MAY  BE  RESTARTED  BY  READ¬ 
ING  IN  THE  LAST  UALUES  OF  THE  APPROPRIATE  UPDATE  UEC- 
TOR  AND  WEIGHTING  MATRICES i  ALSO.  FLAGS (10)  MUST  BE 
SET  TO  .T.  IF  BOTH  Q  AND  R  ADJUSTMENTS  ARE  OCCURING. 
OTHERWISE  FLAGSC10)  MUST  BE  SET  TO  .F.  . 

SUBROUTINES  USEDt  MP31. MP32. POTTER. MP3. MAREAD. MULRTR. MULRRT. 

MDROP. MULT. MADD. GEIGEN. LYAP2. LYCHK. MPRIMT# 
MWRITE 


01/20/83  MLD 

REAL  AA(NRA> D.BBtNRB, 1),CC!NRC» l),DD!NRO> l)»UU(NRW»  D.UUICNRU.  1). 
■*.MM!NRM,  1 ) ,  SIGMA(NY) .  NU<NU)  rTITLY(NY) .  TITLUCNU) .  EY(NY,  2) .  EU(NU,  2) 
'»EYN0RM(NY»2)»EUN0RM!NU»2)»PP(NRFj  1),KK!NRK, D.QQINRQ, 1), TITLZ(NZ 
') .  RRI  (NRR.  1 ) .  WK(  11 ) .  EIGAFM!NA ) .  EIGABGC  NA) .  XXH!NRX,  1 ) 

LOGICAL  FLAGS! 11 ),SOLN,NSQLN,SSOLN, INTER. CONST. XHAT. QZFLC* RZFLG 

INTEGER  CNUM(1).RNUM(1) 

FORMAT (1H1) 

FORMAT (5X»/) 

F0RMAT!5X.P»»»»«»h»»»»«hhhhhh. . . . . 

MCCHO  CHECK  . . . ■■»*»*»»»P.///,5X.»«NUnkR»«. 

*P  OF  INPUTS  P» 13. /. 5X. PNUMBER  OF  OUTPUTS  P» 13. /. SX. PUALUE  OF  P 
-'.PEPSILON  P.E11.S./) 

FORMAT  C9X.  PSENSORP.  12X.  PSENSORP.  1 IX.  PACTUATORP.  1 IX.  PNOISEP. 

'1 IX. PACTUATORP. 10X. PACTUATORP. /. 5X. PNUMBERP. 3X. PLABELP. SX. 
'PEFFECTIUENESSP.  4X.  PNUMBERP. 3X.  PLABELP,  5X.  PCONTRIBUTIONP.  4X, 
'PNUMBERP, 3X» PLABELP, 5X. PEFFECTIUENESSP) 

F0RMAT!6X,  F3.  0, 3X,  A10, 2X.  Eli.  5. 7X.  F3. 0, 3X.  A10. 2X.E11 .5,  SX.  F3.  0. 
*3X.  A10.2X.E11.S) 

FORMAT(6X,F3.0»3X,  A10.2X.E1L.5) 

FORMAT!42X,F3.0.3X,A10,2X,E11.5.6X,F3.0,3X,A10.2X,E11.5) 

'P*  ACTUATOR  /  SENSOR  EFFECTIUENESS  DATA  *P, /,  34X. P*****i*i**^ 
,>P»«mhhmmmhmmhmmhhhmhmmmhmhhhmhmm,/./) 

FORMAT! SX. PFLAG  NUMBER: P.3X.P2P.6X.  P3P, 6X.P4P.6X, PSP. 6X. PSP, 6X 
'.P7P.6X.P8P.SX.P9P,/, UX.PUALUEtP. IX. AS* 7! 2X, AS) 

*.//) 

F0RMAT(3X»P0UTPUTSP, 12X.PMEAN  SQUAREP, 2X, P*P. SX, PINPUTSP. 8X, P 
'MEAN  SQUAREP. /, 5X. PNUMBERP, 4X,  PLABELP, 7X, PSPECIFICATIONP. IX. P*P, 
*1X.  PNUMBERP.  4X,  PLABELP.  7X.  PSPECIFICATIONP.  /.  41X,  P*P) 

FORMAT (SX, 13. 4X. A10. SX.  Ell .5. 3X. P*P,  2X. 13, 4X, A10, 5X, Ell. 5) 
F0RMATI5X. I3,4X,A10.5X.EU.5.3X,P*P) 

FORMAT ( 41X, P*P, 2X, 13, 4X, A1 0. SX. Ell .5) 

F0RMAT!5X.P*  THE  FOLLOWING  IS  THE  P.AG.P  MATRIX. P,SX,P*P,/,5X, 

~P»  ALL  ELEMENTS  SHOULD  BE  CLOSE  TO  ZERO  .P,6X,P*P) 


-51  FORMAT (5X.P*  THE  FOLLOWING  ARE  THE  EIGENVALUES  OF  P.A4.P  .  *P> 

.52  FORMAT (5X.P*  THIS  SPECTRUM  IS  INDEPENDENT  OF  Q  AND  RP.5X,P*P) _ 

53  FORMAT (48X» PNATURALP. P. 47X.  PFREQUENCYP. 7X. PDAMPINGP. P, 4X. PEIGENUP 
-, PALUEP. 6X.  PREALP » SX, PIMAGINARYP, 5X. PCRADpSECJP, 7X. PRATIOP. P) 

54  F0RMAT(8X» I3»5X.E12.6»3X»E12.6»3X»E12.6»3X.E12.6) 

60  FORMAT (5X«  P*  THE  FIXED  COMPONENT  OF  THE  MEAN  SQUARE  P.p.SX. 

.,p*  UALUE  OF  OUTPUT  P, I3.P  LABELED  P, A10.6X.P»P. P.5X.P*  EXCEEDS  P 
-.PITS  SPECIFICATION  .P,17X.P*P) 

61  FORMAT (5X.P*  NO  CHOICE  FOR  Q  AND  R  EXSISTS  .  SP,  ■ 

-PHOWNP. 7X. P*P, /. 5X» P*  BELOW  ARE  THE  FIXED  COMPONENTS  AND  P. 

-PTHE  SPECP* 1X»P*P)  „ 

62  FORMAT (p/. 3X, POUTPUTSP. 15X. PFIXEDP. 12X, PMEAN  SQUAREP. p. SX. 
-PNUMBERP.  4X.  PLABELP.  SX.  PCOMPONENTP.  SX.  PSPECIFICATIQNP. P) 

63  FQRMAT(6X. I3.4X. A10.4X. E11.5. 1 OX. Ell. 5)  _ 

70  FORMAT (5X.P*  INPUT  P.I3.P  LABELED  P.A10.P  HAS  NO  EFFECT  *P. 
-P.5X.P*  ON  THE  OUTPUT  .  IT  WILL  BE  DELETED  .P,8X,P*P) 

71  FORMAT (5X.P*  SHOWN  BELOW  ARE  THE  INPUTS  WITH  THEIRP. 7X,P*P,/.5X. 
-P*  RESPECT I UE  ROW  NORMS  IN  THE  GAIN  MATRIXP,5X.P*p.p»5X.P*  (I.E. 

-  THE  ROW  NORMS  OF  BTK)P. 15X.P*P) 

72  F0RMAT(6X» I3.4X.A10.5X.E11.5) 

73  FORMAT C 1 OX. pINPUTSp. 12X.PGAIN  MATRIXP.P.5X.PNUMBERP.4X. PLABELP. 9X 
-.PROW  NORMP) 

74  F0RMAT(5X.P*  INITIAL  Q  AND  R  RESULTS  P,13X,P*P) 

75  FORMAT (5X.P*  THE  ABOUE  DELETED  IftfnjTS  CONSIST  OF  STATEP, 3X. P*P 
-.P.5X.P*  ESTIMATES  THAT  ARE  NOT  DISTURBABLE  FROM  THE  *P. 

-p.SX.P*  MEASUREMENT  UECTOR  Z  .P,22X.P*P) 

80  F0RMATC5X.P*  ITERATION  NUMBER  P, I3,24X,P*P> 

81  FORMAT (5X.P*  P.A7.P  ADJUSTMENT  .  EXPONENT  IS  P,F8.4,3X,P*P) 

82  FORMAT (5X.P*  SOLUTION  OBTAINEDP. 27X. P*P) 

83  FORMAT (5X.P*  NO  SOLUTION  FOR  THESE  SPECIFICATIONSP. 8X. P*P) 

84  FORMAT (5X.P*  SOLUTION  NOT  YET  OBTAINEDP. 13X,P*P) 

87  F0RMAT(5X,P*  IF  THE  P.A6.P  SPECIFICATIONS  ARE  CHANGED  TO  *P 
-.p.SX.P*  THE  P.A6.P  MEAN  SQUARE  UALUES  OF  THISP, 7X,P*P,/,5X 
-,P»  ITERATION.  A  SOLUTION  HAS  BEEN  FOUND  .(I.E.  *P.p.5X 
-,P*  AN  P. AS, P  CONSTRAINED  SOLUTION  .)P*UX.P*P) 

88  FORMAT (5X.P*  IF  THE  P.A6.P  SPECIFICATIONS  ARE  CHANGED  TO  *P = 
-.P.5X.P*  THE  P.A6.P  MEAN  SQUARE  UALUES  OF  THISP,  7X, P*P. p, 5X 
-,P*  ITERATION.  A  SOLUTION  HAS  BEEN  FOUND  .P,6X.P*P> 

89  FORMAT (5X.P*  IF  THE  P.A6.P  SPECIFICATIONS  ARE  CHANGED  TO  *P 
-.p.SX.P*  THE  P.A6.P  MEAN  SQUARE  UALUES  OF  THISP,  7X.  P*P,  P,  5X 
-,P»  ITERATION  .  THE  COMPROMISE  SOLUTION  RESULTS  *P> 

50  FORMAT (8X» POUTPUTSP, 8X. PMEAN  SQUAREP. 3X. PNORMEDP. EX, PWEIGHTP, 

-3X. P»P. 4X, PINPUTSP. 8X, PMEAN  SQUAREP, 3X. PNORMEDP, 6X. PWEIGHTP, 

-P. 5X» PNUMBER  LABELP, 7X. PUALUEP, 7X, PUALUEP. 7X. P( QI I )P. 4X. 

-P*  NUMBER  LABELP, 7X»  PUALUEP. 7X, PUALUEP. SX, P(RII )P) 

51  FORMAT(6X.F3.0*2X,A10, 1X.E1L.5, IX, Ell. 5, 1X.E11.5.P  •  P. 
-F3.0.2X.A10, IX, Ell. 5, 1X.E11.S. 1X.E11.S) 

82  FORMAT(6X,F3.0,2X,A10, IX, Ell. 5, IX, El 1.5, IX, Ell. 5. P  *P) 

33  FORMAT (S8X, P»  P.F3.0.2X. A10, 1X.E11.S. 1X.E11.S, 1X.E11.S) 

34  FORMAT (3SX,  P»p— ■  .■■■■P,  45X.  P— — p,  58X.  PVSUM-  PE11.S. 
-33X.PUSUM*  P.E11.S.PP.5X.PT0TAL  NORM  SPEC  -  P.E11.5) 

35  FORMAT (5X.P*  CONSTRAINED  SPECIFICATIONS  SOUGHTP, 11X.P*P) 

36  F0RMATC5X.P*  CONSTRAINED  SPECIFICATIONS  FOUNDP, 12X,P*P) 

33  FORMAT  (5X.  Pwhmhhmhhhhhhmmmmmhmhmhhhmmmhhhmmhhhhi*<hhhmmhhmhhhmM» 

. . .  ALGORITHM  CONVERGING  UERY  SLOWLY.  THESEP 

-,P  MEAN  SQUARE  UALUES  *P,P,5X»P*  ARE  GOOD  APPROXIMATIONS  TOP 
-,P  THE  DESIRED  SPECIFICATIONS. P,SX.P*P*P.SX,P*  FOR  A  CLOSER  P. 
-PAPPROXIMATION.  THE  ALGORITHM  SHOULD  BEP,8X,P*P,P.5X.P*  REP 
-.PSTARTED  WITH  THESE  WEIGHTS  AS  THE  INITIAL  WEIGHTS  ANDP,4X,P*P 
-.p.SX.P*  THE  CURRENT  UALUES  OF  EITHER  EY(I»2)  OR  EU(I,2)  AS  THE  P 


,4X.P*P,/,5 X.**  UPDATE  UECT0R*,4GX.**P./.5X. 


WWWWw wWWWwwwlrw pm  J 


Cw*whwmmhhhhhhhi  INITIALIZE  PARAMETERS  *************************** 


105  NYNU-NY+NU 
RNYNU-NYNU/1. 

MIN-NU 

IF(NY.LT.NU)  MIN*NY 

NYU-NY-NU 

MAX*IABS(NYU)+MIN 

MINN-MIN+1 

DESCTN* 1 . 0E+99 

II-O 

PURS-0. 

DO  111  1*1, NV 
EYNORMCI* l)*1.0E+99 
EY(I»2)*0. 

1U  CONTINUE 

FLAGSU1)*.  FALSE.. 

SOLN*.  FALSE. 

NS0LN-. FALSE. 

SSOLN*. FALSE. 

INTER*. TRUE. 

CONST-.F. 

RZFLG-.F. 

IF(CFLACS(4)).AN1T.(FLAGS(10)J)  CONST*. T. 
XHAT*.F. 

DO  112  1*1, NU 
EUNQRMCI, l)*1.0E+99 
EU(X, 2)*0. 

112  CONTINUE 
NY2*NY*NY 
NU2*NU*NU 
N43*4*NY+3*NU 
N32*3*NY+2*NU 
NA2*NA*NA 
NAU*NA*NU 
N22*2*NY+2*NU 
N33*3*NY+3*NU 
N21*2*NY+NU 
N2*2*NY 
N2A*2*NA 
N2U*2*NU 
N3U*3*NU 
N4U*4*NU 
N5U*S*NU 
NSU*S*NU 
N2Z*2*NZ 
NST-N43+NA2+NAU 
NST 1-NST  -H1AX*t1AX 
SP-l.+EPS 
SPM-l.-EPS 

. . ■■■*  PARTIAL  INPUT  DATA  ECHO! -CHECK  ***** 

IFI.NOT.  FLAGS(1)3  CO  TO  110) 

URXTE16, 1) 

I4RITEC6, 10)NU,NY,EPS 
DO  100  1-1,9 
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UK( I )«5HFALSE 
IF(FLAGS(I))  UKd)*5H  TRUE 

100  COMTINLE 
URITE(6.20HUKd>.  1-2,9) 

URITE(6.30) 

SO  101  I-l.HIN 

URITE<6.40)I.TITLYd).SICMAd).I.TITUJd).MUd) 

101  CONTINUE 
IF(NY.EQ.NU)  CO  TO  110 
IF(MIN.EQ.NY)  GO  TO  103 
00  102  I -MINN. MAX 

URITE( 6. 41 ) I , TITLY( I ) . SIGMAd ) 

102  CONTINUE 
GO  TO  110 

103  DO  104  I -MINN, MAX 
URITE(6»42)I»TITLUd)»MUd)  » 

104  CONTINUE 

Cmhhhm  CALCULATE  STEADY  STATE  FILTER  RICCATT  mwwmwwuhi 


110  CALL  MP31  (  NRM,  NA»  MM,  fRU,  NZ»  UUI »  NRM»  NZ*  NA»  MM»  NA»  UK<  N43+NA2+1 )•) 
CALL  MP32(NR0,  NA,  00,  NRU,  m,  UU,  NR0,  NM,  NA,  00,  NA,  UK(N43+1 ) ) 

CALL  PQTTERCPFILTERP.NA, AA»NRA»UK(N43+NA2+1)»NA»UK(N43+1)»NA»PP 
^ » NRP , UK ( N43+2*Nfl2-»  1 ) , EIGAFM,  UK(N43h^*NA2*1).  .FALSE. . FLACSC3) ) 

CALL  NP3(NRP,  NA,  PP,  I'M,  NA, UKCN43+NA2+1 ) ,  NRP.  NA,  NA»PP,  NA, 
^MKCN43*1)) 

IF( .NOT.  FLAGS(3))  GO  TO  120: 

URITE<6* 1) 

URITE(6«3) 

URITE(S,50)SH-DP^DT 

URITE(6.3) 

URITE(B,2) 

CALL  NPRINTCNA,UK(N43+2*NA24-1),NA,NA.  10,5,P-DP/DTP,0) 


FIXED  COMPONENT  (CPCT)  CHECK 


120  CALL  MP32CNRC, NY, CC, NRP, NA, PP,  CRC, NA. NY, CC, NY, UK CN43+NA2+1 ) I 
NDUM-0 

DO  130  I-l.NY 

WKCN33+I )«WK(N43+NA2+< 1-1 )*NY+1 ) 

CPCTN-UK(N33+I)/'SIGMA(I) 

IF(CPCTN.LT.SP)  GO  TO  130 
NDUM-HDUM+1 

IF(NDUM.NE.l)  GO  TO  131 
URITE(6.1) 

URITECB, 3) 

131  URITE(6.2) 

URITE(G.GO)I.TlTLYd) 

130  CONTINUE 

IF  (NDUM.EQ.O)  CO  TO  140 
NSOLN-.T. 

FLAGS<2)-.T. 

URITE(6,61) 

URITE(6,3) 

URITE(6,2) 

WRITE (B. 62) 

DO  132  I-l.NY 

URITE( 6. 63 ) I . TITLYd ) , UK ( N33+I ) , SICMAC I > 


m 
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132  CONTINUE 

Ohmmmh*  SET  INITIAL  GUESS  FDR  Q  AND  R(INUERSE)  ** . * . 

140  DO  142  1*1 » NY 
DO  143  J*1,NY 
QQ(I,J)*0. 

IFa.EQ.J)  QQ(X.J)>1.0/SIGmtX) 

143  CONTINUE 
142  CONTINUE 

DO  144  I-l.NU 
DO  145  J-l.NU 
RRI(I,J)*0. 

IFCI.EQ.J)  RRICI,I)*MU(I) 

145  CONTINUE 

144  CONTINUE 

IF(.N0T.FLACS(4))‘  GO  TO  150 

IF(FLAGS(2))  CALL  MAREADCNY.EYU.2)tNY.  1,*UPDATE  NUN*) 
IFC.NOT.FLAGSO))'  CALL  MAREAD(NU»EU(1,2)»NU, 1»*UPDATE  NUNP)  > 
CALL  MAREADCNY. WKCN22+1 ) « NY.l*  *QQ  INITIALS) 

CALL  MAREADCNU.UK(N32+1).NU.1,*RR  INITIAL*) 

DO  148  1*1* NY 
QQ(I, I)*UK(N22+X) 

146  CONTINUE 

DO  147  1*1. NU 

RRI  ( I,  I  )*UK<N32+I)**<— 1 ) 

147  CONTINUE 

Ommnmn*  CALCULATE  STEADY  STATE  CONTROL  RICCATI  wwwtwi* 

Ommhm*  IDENTIFY  ACTUATORS  USING  ONLY  UNDISTURBABLE  ESTIMATES  ****** 

150  IF( .N0T.R2FLG)  GOTO  151 
XHAT-.T. 

CO  TO  182 

151  CALL  NP31 ( rRC*  NA>  CC*  NRG.  NY*  QQ* NRC* NY*  NA.  CC* NA*  UKCNSX 
-+NA2+1)) 

CALL  MP32CNRB. NA*  BB* NRR* NU* RRI. NRB* NU* NA* BB. NA. UK(NST+1 ) ) 

CALL  POTTER (^CONTROL*. NA, AA.NRA, WKCNST+l ) ,  NA. UK ( NST+NA2+1 ) , NA* 
-KK. NRK.  UK(NST+2*NA2+1 ), EICABG* UK(NST+8*NA2+i  ). .FALSE. . FLAGSC5) ) 


IFC.N0T.FLAGSC5))  GO  TO  170 
URITEI6. 1) 

URITEI6.3) 

URITE(S.50)SH-DK/DT 

URITEC6.3) 

URITE(6,2) 

CALL  NPRINTtNA, UK(NST+2*NA2+1) , NA, NA.  10, 5. P-DK/DT*. 0) 

C***  IDENTIFY  ACTUATORS  MHICH  EFFFECT  ONLY  liNOBSERUABLE  STATES**** 

170  CALL  MULRTR(BB.KK,UK(N43+NA2+1)»  NU.NA. NA.NRB.NRK* NU) 
IF((II.GT.O).AND. (.N0T.Q2FLG))  GO  TO  160 

CALL  MULRRT(UK(N43+NA2+1),UK(N43+NA2+1), 

*UK(NST+NA2+1 ) . NU. NA. NU. NU. NU. NU) 

BTKM-0. 

DO  171  1*1. NU 

IF(UK(NST+NA2+Nll*(I-l)+I).GT.BTKM)  BTKM*MK(NST+NA2 
*+NU*(I-l)+I) 

UK(NST+NA2+NU2+I)*HK(NST+NA2+NU*(I-i)+I) 

171  CONTINUE 
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162  NDUM-0 

DO  172  J-l.MU 
I-NU+l-J 

IFC.NOT.XHAT)  UK(N21+I)«TITLtKI) 

IF ( . MOT . XHAT )  UK ( NST+NA2+NU2+I ) *SQRT C  UK ( NST+NA2+NU2+I ) ✓BTKM) 

IF( (UKCNST+NA2+NU2+I) .GT.EPS) .AND. ( .NOT. XHAT) )  GO.  TO  172 
REPS*<  1/RRI  (1*1)  )*MU( I) 

IFC  C XHAT). AND. CREPS.GT.EPS) )  GO  TO  172 
NDUM*NDUM+1 

IFCNDUM.NE.l)  GO  TO  173 
URITECS. 1) 

URITECS. 3) 

173  URITEC6, 70)I»TITLU(I) 

URITEC6.2) 

. .  DELETE  ACTUATOR  IF  NECESSARY . . . **** 

CNUMC1)«I 

RNUM(1)*I 

CALL  MDRQPCNRB.NA, NU.BB.O.RNUM, l.CNUM, 0) 

CALL  MDROPCNRU.NW.NU.UU.  l.RNUM.  l.CNUM, 0) 

IF(NU.NE.NU)  CALL  MDROPCNRD.NA.NU.DD.O.RNUM, l.CNUM. 0) 

CALL  MDROPCNU.NU.l.TITLU.l.RNUl.O. 001*0) 

CALL  NDROPCNU.NU.l.MU.l.RNUM.O.CNUM.O)! 

172  CONTINUE 

IFC (NSUM.EQ.O) .AND.  C. NOT. XHAT) )  GO  TO  160 

NNU-NU 

MLMUI-MDUn 

NU*fflJ-NDUM 

IFC.NOT.XHAT)  URITEC6.71) 

IF(XHAT)  URITECS. 75) 

URITEC6.3) 

IFCXHAT)  GO  TO  10S 
URITEC6.2) 

URITEC6.73) 

DO  174  I-l.NNU 

URITECS. 72) I. UKCN21+I) . UKCNST+NA2+NU2+1) 

174  CONTINUE 
GO  TO  105 

»■»* .  CALCULATE  STEADY  STATE  VARIANCE  OF  STATE  ESTIMATES  ******* 


C **********  FORM  A+BG  MATRIX  *****»***»•**«**«**»**«*»«*«■***■»«*»«■ 
160  CALL  MULTCHK(NST+1),KK»HK(NST+NA2+1)»NA»NA»NA»NA»NRK»NA) 

CALL  MADDCAA.UKCNST+NA2+i),UKCNST+l).NA,NA,NRA.NA.NA.-l) 

C ************  SOLUE  LYAP  EOUATIOM  i********************************** 
Call  geigencna. ukcnst+i ) ,na, 4, ukcnst+s*na2+i ) . o,  ;*lqguts  sub* 

~.EIGABG.NA.UKCNST+NA2+1),UKCNST+3*NA2+1),*A+BG»0  • 

CALL  LYAP2CEIGABG. NA, UKCNST+NA2+1) . UKCNST+3*NA2+l) . NA, UKCN43+ 
~1),NRX.XXH.NA,UKCNST+€*NA2+1)) 


IFC.MOT.  FLAGSC5))  GO  TO  180: 

URITECS. 1) 

URITE(6»3) 

URITECS. 50)6H-DX/DT 
URITECS, 3) 

URITECS. 2) 

CALL  LYCHKCNA, HA, UKCNST+1 ) . MRX, XXH, UKC MST+6*HA2+l) . HA, 
-UKCM43+D.2) 


C *******  CALCULATE  MEAN  SQUARE  UALUES  ****** 
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C*****  CALCULATE  IIWT  MEAM  SQUAREUALUES  AMD  CHECKS  . . mm 

180  NUSPEC-0 
NST0P*0 
USUM-0. 

UUSUM-0. 

NUSUM-0 

MUMAX-0 

DE5CTU-0. 

DESCYU-0. 

DUM-0. 

CALL  MP32CNU.MU,UKCN43+NAa+i)»NRX,NA.XXH,NU.NA.MU» 
~MKCM43+NAa+l).NU.WKCNST+l))  ! 

DO  183  1*1, MU 

EUCI)*tJK<NST+NU*(I-l)+I)*RRni.I)**2 

ejM0Rna,2)*€U(xvMU(i) 

IF(FLAGS(2) )  CO  TO  185 
UK(NSTl+I)*EU(I.a3 
IFC.MOT.COMST)  EUCI,2)«0. 

IF(EUMORMCI.a).LE.SP)  EUCI»a>*l. 

MUSUM-NUSUM+IMTCEUC 1, 8) ) 

195  IF(EUMORMCI.a).LE.SP)  NUSPEC*MUSPEC+1 
IF(EUMORM(I,a).GE.SPt1)  MUHAX-MUMAX+l 
IF(EUMORMCI,a).GT.SP)  DUM*<EUNCIRMCI.2)-1. ) 

IF(DUH.GT.DESCTU)  DESCTU-DUM 
USUN-USUM+EUNORMC  1, 3) 

UUSU1*(EU(I)/RRI(I,I))+UUSUMi 

DEL*ABS(EUN0RN(I,2)-EUN0RM(r,i)) 

1F1DEL.LT. EPS)  MSTOP-MSTOP+l! 

IF(FLACS(2) )  CO  TO  183 
DUM-0. 

IF( (EU( 1.2) .GT.SPM) .AMD. (EUNORMCT.a) .CT.SP) )  DUM-EUM0RMCI»2)-1. 
IF(DUM.CT.DESCYU)  DESCYU-DUM 
183  CONTINUE 

MUBSPC*NU— NUMAX 

MUQSPC*MU-MUSPEC 

MUISPC-MU-MUBSPC-MUOSPC 

. . CALCULATE  OUTPUT  MEAM  SQUARE  UALUES  AND  CHECKS  w«ihw»»w 

MYMAX-0 

MQZERO*0 

DESCTY-O. 

NYSPEC-0 

YSUM-0. 

MVSUM-0 

.CALL  MP32CNRC. MY.  CC,  MRX.  NA,  XXH.  NRC,  MA.  MY,  CC,  MY,  UKCMST+1 )  ) 

DO  184  1*1, NY 

EY< I )-HK (M33+I )+WK C MST+NY* < I-l )+I ) 

EYMORMC I. 2) -EY( I l/SICMAl I ) 

1F( .NOT .FLAGSC2) )  GO  TO  191 
HK(NSTl+I)-EYCI,a) 

IFC.MOT.COMST)  EY(I,a)*0. 

IF(EYMORM(I,a).LE.SP)  EYCI.2J-1. 

MYSUM-MYSUM+ I MT C EY C I . 2 ) ) 

191  IF(EYM0RM(I,2) .LE.SP)  MYSPEC-MYSPEC+1 
IF(EYM0RM(I,2).CE.SPM)  MYMAX-MYMAX+l  : 

QEPS*QQ(I, I)«SIGMA(X) 

XFC  (OEPS.LE.EPS).  AND.  (EYNORMtX,  8). LT.&M))  MQZERO-NQZERO+1 
DUM-O. 

IFCCEYMORMC 1,2). CT.SP). AND. CQEPS.CT.EPS))  DUM*CEYNORMCI,a)-l.) 
IFCOUM.GT.DESCTY)  DESCTY-DUM 
YSUM-YSUM+EYMORMC I , 2) 
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DEL-ABSCEYNCRHC  Z.  2)-EYN0RNCI*  1 )  ) 

IFCDEL.LT.EPS)  NSTOP-NSTOP+l 
IFC.NOT.  FLAGSC2))  CO  TO  184 

duh-o. 

IFCCEYCI*2).GT.SPt1).AND.CEYN0RMCI*2).GT.SP))  DUM-EYN0RMCI»2J-i. 
IFCDUN.GT.DESCYU)  DESCYU-DU1 
184  CONTINUE 

TSPEC-YSUM+USUN 

NYBSPC-NY-NYHAX 

NYOSPC-NY-NYSPEC 

NY  I  SPC«NV-NYBSPC-NYt3SPC 

NYACTU-NY-NQZERO  _ 

IFC (COST). AND. CFLAGSC2)))  NYSUM-NYSUMrNOZERO 
IFCCNUISPC.EQ.NU).AND.CFLACSC2)))  CONST-.T. 

IFC  CNYISPC.EQ.NYACTU) .AND. C .N0T.FLAGSC2) ) )  CONST-.T. 

. .  CALCULATE  DESCENT  FUNCTION . www—w— 

DESCTO-DESCTN 

DESCTN-DESCTU 

IFC.NOT.  FLAGSC2))  DESCTN-DESCTY  1 

IFC (DESCYU.CT.DESCTN).AND. (COiST))  DESCTN-DESCYU  • 

IFCDESCTN.EQ.O. )  GO  TO  188 

IFCFLAGSCll))  GO  TO  188 

IFCDESCTN.GT.DESCTO)  GO  TO  187 

GO  TO  186 

C»<mmmhmhmhhmhm»  RESET  CALCULATIONS':  ■*«■»»*«« . . . 

187  IFCPUR.EQ..5)  GO  TO  ITS 

IFC C. NOT. FLAGSC2) ). AND. C. NOT. CONST). AND. CPUR.EO.l'.))  GO  TO  ITS 

IFCDESCTO.EQ.cn  GO  TO  ITS 

DESCTN-DESCTD 

DO  188  I-l.NY 

EYNORNC 1 , 2)-EYN0RM It  1 ) 

Q0CI.D-UKCN22+I) 

IFCFLAGSC2))  EYCI»2)-UKCNST1*X) 

188  CONTINUE 

DO  188  1-1. NU 
EUNORMC 1 . 2)-EUN0RM<  I » 1 ) 

RRICI.D-1.0/4JKCN32+I) 

IFC .N0T.FLAGSC2) )  £UCI,2)«UKCNST1+I) 

189  CONTINUE 
PURS-O. 

GO  TO  230 

ITS  PURS-O. 


SOLUTION  CHECKS 


186  IFCDESCTN.LT.DESCTO)  FLACSC1D-.F. 

IFCNSOLN)  GO  TO  190 

IFCC.N0T.FLAGSC4) ).AND. CTSPEC.GE.RNYNU).AND. CII.EQ.O))  NSOLN-.T. 

IFC CNYSPEC.NE.NY).OR. CNUSPEC.NE.NU) )  GO  TO  ISO 

SOLN-.T. 

GO  TO  1ST 

190  IFCFLAGSC2))  CO  TO  1S2 

IFC CNYISPC.NE.NYACTU).OR. CNUISPC.NE.NUSUM) )  GO  TO  193 
GO  TO  194 

192  IFC CMI1SPC.NE.NU) .OR. CNYISPC.NE.NYSUM) )  GO  TO  1S3 
194  NSOLN-.T. 

SSOLN-.T. 

GO  TO  1ST 


133  iFai.CE.imai)  go  to  197 

IF(NSTOP.NE.NYNU)  GO  TO  203 
FLAGS(11)«.T. 

GO  TO  203 
197  INTER*. FALSE. 

IFC.NOT.  FLAGS(S))  GO  TO  210: 

CALL  MURITECNY.EY.NY.1.*Y  MS  UALS  *) 

CALL  MURITECNU.EU.NU.1.*U  MS  UALS  *) 

IF(FLACS(2))  CALL  MURITE(NY.EY(1.2).NY,1,*UPDATE  MUMP) 
IF(.MOT.FLACS(2))  CALL  HURITE(NU.EU(1.2).NU. 1,*UPDATE  MUMP) 


STORE  RESULTS 


203  DO  200  1*1. NY 
UK(N22+I)-QQ(X.  Z) 

200  CONTINUE 

DO  201  1*1 »NU 
UK(N32+I)*1.0/RRI(I»I) 

201  CONTINUE 

ZF( (. NOT. FLAGS(7)). AND. (INTER))  GO  TO  210 
CALL  MURITE(NY»UK(N22+1).NY.1»  OUTPUT  UTS*) 
CALL  MURITE(NU. UKCN32+1) *NU.l. *INPUT  UTS  *) 
CALL  MURITECNY.  EYNORMd,  2)  »NY.  1»*Y  NORM  UAL*) 
CALL  MURITE(NU,EUN0RMC1.2),NU. l.*U  NORM  UAL*) 
CALL  MURITE(N2A»EXCABG*N2A» 1»*A+BG  EIGS*) 

IF  (INTER)  GO  TO  210 

CALL  NURITE(N2A.EIGAFM.N2A, l.*A-FM  EIGS*) 

. .  SAUE  CURRENT  UALUES  . 

210  DO  181  I-l.NY 
UK(I)-I 

UK(I+NY)-TITLY(I) 

EYNORMd.  1) -EYNORMd,  2) 

UK(NST+I)*QQ(I» I) 

181  CONTINUE 

DO  182  I-l.NU 

UKCN2+D-I 

UK(N21+I)-TITLU(I) 

OIlORMd.  l)*EUNORM(I»2) 

UK(NST+NY+I)-l.xRRI(I, I) 

182  CONTINUE 


PRINT  RESULTS 


IF((.N0T.FLAGS(8)). AND. (INTER))  GO  TO  230 
1F((.N0T.FLAGS(8)). AND. (.NOT. INTER))  GO  TO  250 

. . .  ORDERING :  »«»« . »«»»»» 

DO  185  I-l.NU 
NP-NU+l-I 
DO  185  J-l.NP 
IF(J.EQ.NP)  GO  TO  185 

IF(EUNORM(J,2).GE.EUNORM(J+i,2))  GO  TO. 185 
TENP1*€UN0RN(J,2) 

TEMP2-EU(J) 

TEMP3-UKCN2+J) 

TEMP4-UK(N21+J) 

TEMP5-UK(NST+NY+d) 

EUNORMC J»2)*EUN0RM(J+1»2) 

EU(J)*£U(J+1) 

UK(N2+J)*UK(N2+J+1) 

UK(N21+J)-UK(N21+J+1) 
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rarsyn  *r’ 

N 

S 

S 


n 

t; 


UK(MST+f1Y+J)*UK(MST+WV+J+l) 

EUhORmj+1, 23-TEMPI 
EU(  J+1)*TEMP2 
UKCN2+J+1)-TENP3 
UK(H21+J+1)«TEMP4 
UK  ( NST-H1Y+J+1 )  -TENP5 
185  CONTINUE 

. .  OUTPUT  ORDERING  . . . . . . 

DO  208  1*1 » NY 

NP-NY+i-I 

DO  208  J-l.NP 

IF(  J.EO.NP)  60  TO  208 

IF(EYN0RN(J*2) .GE.EYN0RM(J+1»2) )  CO  TO.  208 
TEMP1*£VN0RN(J»2) 

TEHP2-EY(J) 

TENP3-UKU) 

TEMP4-UK(NY+J) 

TENP5-UKCNST+J) 

EYN0RH(J*2)*EYN0RH(J+1p2) 

EYC J)*EY( J+l) 

UK( J)*UK( J+l) 

UK( J+NY)*UK( J+l+NY) 

UK(NST+J)*UK(NST+J+1) 

EYN0Rt1(J+1.2)-TEMPl 
EY( J+1)*TEMP2 
HK(J+1)»TENP3 
UK<NY+J+1)-TEHP4 
UK<NST+J+1)-TEMP5 
208  CONTINUE 

Cmwi.iwMi.Mww  PRINT  . . . . 

URITE<8.t) 

URITE(6*3) 

URITE(6. 80)11 

IF(II.EQ.O)  CO  TO  214 

IF(FLAGS(10))  GO  TO  216 

IFCFLAGS<2))  URITE(6.81)»  R  #»PUR 

IF(.N0T.FLAGS(2))  URITE(6.81)*  Q  F.PUR 

CO  TO  217 

214  URITEC6.74) 

IF( .NCT.FLAGSC4) )  URITC(6,89)PSYSTEM*.*GIUEN>< 

CO  TO  217 

216  URITE<6.81)Pa  AND  RP.PUR 

217  IF(.NOT.SOLN)  GO  TO  211 
URITE<6.82) 

URITE(6»3) 

CO  TO  218 

211  IF(.NQT.NSOLN)  CO  TO  213 
URITEC6.83) 

IF<  .NOT.SSOLN)  GO  TO  221 
URITE(6.86) 

IF(FLAGS(2) )  URITE(6»87)F0UTPUTF*40UTPUT#»PINPUT  * 

IF( .N0T.FLACSC2))  URITE(6.87)PINPUT  FrPINPUT  P,*0UTPUT* 
URITE(6*3) 

GO  TO  218 

215  URlTE(6t{B3)PSYSTEMP«PGIUENF  i 
URITEC6.3) 

URITE<6»99) 

CO  TO  218 
221  URITEC6.35) 

IF(II.CE.ITNUN)  CO  TO  215 


weiasdiSiS&^&mi!& 


■  ’-I 
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uRrrc(6.3) 

CO  TO  218 
213  WRITE(S.84> 

IF(II.GE.ITNUM)  GO  TO  215  • 

URITEC6.3) 

218  URITE<6,2) 

URITE(B.M) 

URITE(6t2) 

DO  219  I-l.MIN 

URITEC 6. 91 )UK ( I ) .  WC<NY+I 5 , EVC1 ) . EYMORM( 1. 2) . UK CNST+I ) . 
HK(H2+I ) ,  UKCN21+I ) .  EU(  1 ) .  EUNORMC 1 , 2) .  MKCNST+NY+I ) 

219  CONTINUE 
IFCNY.ED.NU)  CO  TO  222 
DO  220  I -MINN, MAX 

IF(MIN.EQ.NU)  URI.TE(S*92)WK(I)»UK(NY+I)»EY(I)»EYN0RM(X'»2)» 
^WKCNST+I) 

IF(NIN.EQ.NY)  URITECB.93)UK(N2+I),ltt(N21+I),EUa).ElJN0RMI.2) 
*»UK(NST+NY+I) 

220  CONTINUE 

222  URITEC B. 94) YSUM.USUM.TSPEC 
URITEC 6* 1) 

URITEC B, 3) 

URITEC 6, 51 )*A+BGP 
URITE(6»3) 

URITEC 6, 2) 

URITE(6*53) 

1 1-0 

DO  225  I-1.N2A.2 
Il-Il+l 

FREQ»SQRTCEIGABGCI)**2+EIGABGCI+1)**2) 

IFCFREQ.EQ.EIGAB6CX) )  FREQ-O. 

DAMP-1 

IFCFREQ.NE.O. )  DAMP«ABSCEIGABGCI))/FREO 
URITECB.  54)  II .  EIGABCCI)  »  EIGABGCI+1 ) .  FREQ.DAHP 

225  CONTINUE 

IF( INTER)  CO  TO  230 
URITEC6»2) 

URITEC6.3) 

URITEC6.51)»*A-FNp« 

URXTECB* 52) 

URITEC6.3) 

URITE(6.2) 

URITEC 6* 53) 

1 1-0 

DO  226  1-1.N2A.2 
Il-Il+l 

FREQ-SGRTCEIGAFNCI)**2+€IGAFMCI+1)**2) 

IFCFREQ.EQ.EIGAFMCI))  FRED-0. 

DAMP-l 

IFCFREQ.NE.O.)  DAMP-ABSCEIGAFMCI»/FREQ 
URITEC  6*  54) 1 1»  EICAFMC I ) * EICAFMC 1+1 ) • FREQ* DAMP 

226  CONTINUE 
CO  TO  250 

• . UPDATE  EQUATIONS  «■■»«■»— . . 

230  II-IX+1 

FLAGSC  10)-.F. 

QZFLG-.F. 

R2FLC-.F. 


C* 
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PURS-PURS+l. 

PUR-1. 

IF(  C PURS. LE«SP). AND.  CPURS.GE.SPM) .AND. C CFLAGSC2)  )>.UR.  C  CONST).)) 
*PUR-.5 

IF(PURS.CT.SP)  PUR-PURS- 1 . 

IF( . NOT . FLAGS  C  2  )  )  CO  TO  231 

. .  INPUT  CONSTRAINED  UPDATES . * . — 

DO  240  I-l.NU 

RRICI.D-EUNORMCI.  1)*»C-PUR)*RRICI.I) 

REPS-< 1/RRI (I, I ) )«MUC I ) 

IFCREPS.LT. EPS)  RZFLC-.T. 

240  CONTINUE 

XF(NYBSPC.ED.O)  CO  TO  150 
IFC  .NOT. CONST)  GO  TO  150 
FLAGSC10)-.TRUE. 

DO  233  I-l.NY 

XFCQQCX,  D.EQ.O. )  GO  TO  233 

IFCEYCI.2).GT.SPtt)  QQCX,  D-EVNORMCX,  l)**Pltt*QQCI,-D 
OEPS-OOC I , I ) -SIGNAC I ) 

IFC  CQEPS.CT.EPS). OR.  CEYNQRMCI.D.CE.SPM))  GO  TO  233 
QQCI.D-O* 

QZFLG-.T. 

233  CONTINUE 
CO  TO  ISO 

. . .  OUTPUT  CONSTRAINED  UPDATES 

231  DO  242  I-l.NY 

IFCQQC  I,  D.EQ.O.)  CO  TO  242 
QQCl,D-EYNORMCI,l)—PUR»QQCI.l) 

QEPS-QQC I ,  I  )*SIGMA(  I ) 

IFC CQEPS.CT.EPS). OR. (EYNORNCI* 1) .GE.SPN))  CO  TO  242 
QQCI,I)-0. 

QZFLO.T. 

242  CONTINUE 

IFCNUBSPC.EQ.O)  CO  TO  ISO 
IFC. NOT. CONST)  GOTO  ISO 
FLAGSC10)«.T. 

DO  23S  I-l.NU 

IFCEUC 1.2) .CT.SPM)  RRICI. D-EUNORNCI. 1)**C-PUR)*RRICI. I) 

REPS«C1^RRICI.D)*MUCD 

IFCREPS.LT.EPS)  RZFLO.T. 

235  CONTINUE 
GO  TO  ISO 
250  CONTINUE 


. . .  ACTUATOR  ✓  SENSOR  EFFECTIVENESS  CALCULATIONS . « 

. . SET  UP  A-FN 

CALL  HP31 CNRN.  fW»  MN»  NRU»  NZ»  UUI . NRN»  NZ. NA*  MH»  NA*  UKCNST+1 ) ) 

CALL  MULT CPP. UKCNST+1 ) ,  WCCNST+NA2+1 ) . NA, NA. NA. NRP, NA.NA) 

CALL  MADDCM.UKCNST+NA2+1). UKCNST+1), NA.NA.NRA.NA.NA.-l) 

. .  SOLVE  L  LYAP  EQ.  MWMwwtMMMiMwwwt 

CALL  MP31CNU,NA,UKCN43+NA2+1),NRR.NU,RRI.NU,NU,NA.UKCN43+NA2+1). 
*NA»HKCNST+2*NA2+l) ) 

CALL  GEXGENCNA. UKCNST+1 )«NA, 4, UKCNST+7*NA2+1),Q,*LQGSASP,EIGAFM» 
'‘NA.  UKCNST+3*NA2+1 ) .  UK  CNST+5-NA2+1 ) .  PA-FNP ) 

CALL  LYAPlCEIGAFM,NA.UKCNST+3*NA2+l).W(CNST+5-NA2+l),NA. 
-UKCNST+2+NA2+1 ) . NA.  WC  C  NST+NA2+1 ) . NA. UKCNST+7*NA2+1 ) ) 

C**—  CALCULATE  ACTUATOR  NOISE  CONTRIBUTION'  »— . . . - 

CALL  MADDCKK.UKCNST+NA2+1), UK CNST+2+NA2+1), NA.NA, NA.NA. 

‘‘NA.l) 
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CALL  MP31(MRB»  MU.  BB.  MA»  NA.  WC(NST+2*NA2+1 ) » MRB.  MA. MU. BB. MU. 

-UK C  MST+3*NA2+NU2+1 ) ) 

CALL  NULT(UK(MST+3*NA2+NU2+1)»UW»W((NST+3*NA2+1)»NU»NU»NU»MU»MRH 
-.MU) 

DO  260  I-l.NU 

UU*EUNQRM(I»  1)*MU(I)*(1./'RRI(I»  I)) 

UK(I )-UU-UKCNST+3*NA2+( 1-1 )*MU+I ) 

IF(FLACS(2) )  UK(Z)-(UU/ 

-UK(MST+3*NA2+( 1-1 )*Nll+I ) )*UUSUTV(UUSUM-UU) 

UK< I+NU)-U«NST+3*NA2+(I-1 )*MU+I ) 

UKCI+N2U)-I 

UK(I+N3U)»TITLU(I) 

UK(I+N4U)-I 

WKCI+N5U)-TITLU(I) 

260  COMTZMUE 

C«mhhhmhmmhhmhmmmhm»  CALCULATE  SENSOR  RANK  IMG ;  ■  ■  . . .  <hhhhhhh» 

CALL  MP3(NRP»NA»PP»NA»NA.UKCMST+NA2+1)»NRP»NA»NA»PP»NA» 
-UK(NST+3*NA2+NU2+1 ) ) 

CALL  MP32(NRM»MZ»MM»MA»NA»UK(NST+3*NA2+NU2+1)»NRM»MA»NZ» 

-Ml, NZ.  kK  (NST+4*NA2+NU2+NZ*NZ+1 ) ) 

CALL  MULT (UUI , WK (NST+4*NA2+NU2+NZ*NZ+1 ) .  UK  C NST+4*NA2+NU2+1 ) r 
-NZ.NZ.NZ.NRU.MZ.MZ) 

DO  261  I-l.NZ 

UK(I+N6U)»UK(NST+4*NA2+NU2+(T-1)*NZ+I ) 

UK(I+M6U+NZ)-I 

UK(I+M6U+M2Z)»TITLZ(I) 

261  CONTINUE 

PHHHHHHHHHH* . PRINT  RESULTS  (ORDERED) . . 

WRITE (6.1) 

MIN-NU 

IF(NZ.LT.NU)  MIN-NZ 
NZU-NZ-NU 
MAX*IABS(NZU)+MIM 
MINN-MIN+1 

. . .  ACTUATOR  ORDERING  .  . . 

DO  262  I-l.NU 

NP-NU+l-I 

DO  262  J-l.NP 

IF(J.EQ.NP)  GO  TO  262 

IF(UK(J).GE.UK(J+1))  GO  TO  266 

TPl-UK(J) 

TP2-WKC J+N2U) 

TP3-UK(J+N3U) 

UK(J)»UK(J+1) 

UK( J+N2U)-UK( J+1+N2U) 

UK( J+N3U)-WK( J+1+N3U) 

UK(J+1)«TP1 

UK(J+1+N2U)-TP2 

WC(J+1+N3U)-TP3 

266  IF(UK(J+NU).G£.UK(J+1+NU))  GO  TO  262 
TP1"UK(J*NU) 

TP2-MK(J+mU) 

TP3-WK(J+N5U) 

UK(J+NU)-WK(J+1+NU) 

UK( J+N4U)-UK( J+1+N4U) 

UK( J+N5U)-UK( J+1+N5U) 

UK( J+1+NU)«TP1 
UK(J+1+N4U)-TP2 
UK( J+1+N5U)«TP3 

262  CONTINUE 
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hi . SENSOR  ORDERING  . . . . . 

DO  263  I-l.NZ 

NP-NZ+l-I 

DO  263  J*1*NF 

IFC J.EQ.MP)  GO  TO  263 

IF(UK(N6U+J) .GE.UK(N6U+J+1) )  GO  TO  263' 

TP1»WCCN6U+J> 

TP2“UK ( N6U+NZ+ J ) 

TP3*UK(N6U+N2Z+J) 

UK(N6U+J)*WK(N6U+«>*1) 

UK(N6U+NZ+J)»UK(f'ffiU+NZ+J+l)  • 

UK ( N6U+N2Z+ J) «WK (N6U+N2Z+J+1 > 

UK(N6U+J+1)»TP1 

UK(N6U+NZ+J+1)«TP2 

UK(N6U+N2Z+J+1)«TP3 

263  CONTINUE 

MHHHHMMMHMMHMHHHI  PRINT . . 

URITEC6* IS) 

URITE(G.ll) 

URlTE(6t2) 

DO  264  I-l.MIN 

HRITEC6. 12)UK(N6U+NZ+I)*UK(N6U+N2Z+I)»UK(N6U+I)*UK(N4U+I)» 
-44K(N5U+I ). UK(NU+I). UKCN2U+I ) . UKCN3U+I ) , UKCI ) 

264  CONTINUE 
IF(NU.EQ.NZ)  GO  TO  269 
DO  265  I-HINN.MAX 

IF(HIN.EQ.NU)  WRITE(6»13)UK(N6U+NZ+I).UKCN6U+N2Z+I).UK(NGU+I) 
IF(NIN.EQ.NZ) 

-URITEC6, 14)UK(N4U+I).UK(N5U+I).UK(NU+I)tWKCN2U+niUK(N3U+I).WC(I) 

265  CONTINUE 
269  RETURN 

END 

SUBROUTINE  MURITE(NRQU*  MATRIX* NR»NCt  NAME) 

REAL  MATRIX (NROUtNC) 

1  FORMATO* -  THE!  MATRIX  P.A10.P  (P»I3.i*  BYP.I3,*  )*> 

2  F0RMATC6E12.5) 

URITE(8* 1)NAME#NR*NC 

WRITE(8»2)  ( (MATRIX(I» J)* I»1#NR) *J»1»NC) 

RETURN 

END 

SUBROUTINE  MAREAD(NROUt  MATRIX.  NR.NC. NAME) 

REAL  MATRIX  (NROWI.NC) 

1  FORMAT!  17X»  A10*2X»  I3#3X»  13) 

2  F0RMAT(6E12.5) 

READ (5* l)NAME»MRf NC 

READC5.2)  ( (MATRIXCI*  J)»  I*1».MR)»  J*1»MCI 

RETURN 

Era) 

SUBROUTINE  LVCHKCMRA*  NA»  AA» NRX*  XX*  UK*  NRM»  MM*  FLAG V 
REAL  AA(NRA» 1)*XX(NRX* 1)*UK(1)»MM(NRM* 1) 

INTEGER  NRA.N* NRX. FLAG. NRM 

IF  (FLAG. EG. 2)  GO  TO  100 

CALL  MULRTR<AA*XX»UK.NA»NA.NA»NRA.NRX.NA) 

CALL  MULT(XX*AA*UK(NA«NA+1)*NA»NA*NA»NRX*NRA*NA) 

120  CALL  MADD(UK*UK(NA*MA+1)*UK(2*NA*NA+1)*NA*NA* NA*NA*NA* 1) 

CALL  MADD(UK(2*NA«NA+l)*MM*UK*NA»NA»NA*NRM*NA» 1) 

CALL  WRINT(NAiUKpNA.NA»9i5.PLYCHECKP.O) 


»1 
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GO  TO  110 

100  CALL  NULT(AA*XX»UK»NA« NA»  NArffJA*  NRX»  NA> 

CALL  HULRRTOO<«  AA»UC(NA*NA+l).NA»NA.NA*ffl?XtNRA»NM 
GO  TO  120 
110  RETURN 
END 

SUBROUTINE  HDROPCNROUA*  NRA* NCA» AA» NROUS*  ROUNUH*  NCQLS* 
’*COLNUN»FLAG) 

REAL  AA(NROUA.NCA) 

INTEGER  ROUNU1(NROUS)»COLNUH(NCQLS) 

IF  (NROUS.EQ.O)  GO  TO  101 
DO  100  J»l.l*OWS 
NR*NRA-ROWNUMCJ) 

XF(NR.EQ.O)  GO  TO  104 

CALL  NEQ(AA(R0UNUN(J)+l*l)»AA(R01MJH(Jl»l)»NR»NCAiVNR0lJA»NR0HA) 

104  DO  100  I«1,NCA 
AACNRA.D-O. 

100  CONTINUE 

101  IF  (NCOLS.EO.O)  GO  TO  102 
DO  110  J-1.NC0L3 
NC*NCA-COLNUM( J) 

XF(NC.EQ.O)  GO  TO  10S 

CALL  NEQ<AACl»COLNUH(J)+l).AAQ.COLNUHCU))iNRA.NarRaUA.NROHA) 

105  DO  110  I-l.NRA 
AACI>NCA)-0. 

110  CONTINUE 

102  IF  (FLAG.EQ.0)  GOTO  103 

CALL  NPRiriT(NROUA.AA.NRA»NCA.9*S*4<AA-TRLN>.0} 

103  CONTINUE 
RETURN 
END 


Note:  For  the  LQGWTS  subroutine  just  listed  to  work  as  adver- 

2  2 

tlzed  in  Chapter  6,  (o  ,y  )  must  be  chosen  such  that  no 
LQG  controller  can  satisfy  them.  Currently,  if  a  solution 
exists,  the  program  will  stop  when  any  solution  is  found, 
(i.e.  It  will  not  search  for  the  input-constrained  or  output- 
constrained  solution  in  this  case.)  Also,  the  program  cur¬ 
rently  does  not  check  for  -*■  »,  so  uncontrollable  systems 
coul d  cause  probl ems  for  the  output-constrai ned  search , 

(i.e.  footnote  on  page  115). 
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Program  LQHOOP 


1K99.TWO.  UOOOO.  TUIOOOOO.  MF140000.  TC50,  T1024 
PFIL£S(GET*  LSUB3»  ID-FME) 

PFILESCGET. LSLIB2. ID-T1Y) 

PFILES(GET.HOOPOO.  XB-EJN) 

RFL/iatJOOO 

FTN4(NAN,R-0) 

GETCLSLIB3,LBD)REL/BLS1 

LOAD.LBD. 

LOAD*  LGO.  LSLIB2,  LSLIB3.. 

EXECUTE* . HOOPOO 

PFILESCPUT.  HDAT.  GETP-U.  X-TAPE8) 


PROGRAM  LQHOOP  (INPUT*  0UTFUT»!TAPE5*INPUT).TAPE6-0UTPIJT»TAPE8) 
EXTERNAL  IHJROP*LYCHK*MWRITE*-MAREAD 

REAL  AA(26.26).BB'(26.24).CC(27»26).UU(24.24)>UUX(39»39). 

1HTK 39.26) . 00(27. 27) . RRI (24.24) . S1GMA(24) ,MU(24> .TITLY(24) . 
1TITUK24),  EY(24, 2) .  EU(24. 2) .  EYN0RM(24, 2) ,  EUN0RM(24. 2) .  PP(2Gr 
126) . KKC 26. 2G) . XXHC2S. 26 ) . UK ( 8332) , EIGABGC 1 04 ) .  EIGAFTK 1 04) . 
ITITLZC33) 

INTEGER  NR0WSC3).RNUM<3).RNUM1(6).RNUM2(27) 

LOGICAL  ITT  .FLAGSCll) 

COMMON/TIATIQ/FORM.  TOL 
COMMON/HDRMPR/OSUB ( 2) , KPAGE 
CQMM0N/HEAD/,TITL£(7)»CASE(4V»LINE 

DATA  RNUM/'lS.  12.9/ 

DATA  RNUN1/11. 10.9»8»7.2s 

DATA  RNUM2/39.36.33.27.24.21. 18.  IS.  14. 13.12.9»6.%4»3.2. 

-1.  11.10.9.8.7.6. 4. 3. U 
‘DATA  NROUS/3.3.18/’ 

20  F0RNAT(6(1X.E11.S)) 

30  F0RNAT(3(1X*E11.5)) 

Cs  >:  t :::::  s :  i :  t ::::::::::::::::::  :m n ::::  t ::  :t 
C  PAGE  HEADER  SET  UP 

FORM-O. 

TOL-O. 

LINE-1 

CASEU)«PJPL  HOOP:  AM 
CASE<2)«*NTENNA  NODP 
CASE(3)«PEL  (13  MOD* 

CASE(4)«*CS)  0 

OSUBCD-PLX  UT  SPEP 
0SUB(2)*PCXFICATI0NP 
KPAGE-0 

C - 

C  .  »TEL  SIZING 


NRB-2S 

NRU-3S 

NRW-24 

NRR-24 

NRK-26 
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'SPl 


N-2S 
MU-12 
MU-24 
NZ-39 
NRM-3S 
M9P-26 
MRC-27 
MRQ-27 
NRX-2G 
NY-27 

Pt  •••••••••••  •-«•«  •«•••«•«  •••  •«««  «»-••••••  •  -•  ••••••• 

C  INITIALIZE  MATRICIES: 

L*  •  ••••••••••••••••••••  ■••••#•••••  ••••••••••  •  ••••••  •  ••  i 

CALL  MZERO(AA»N.N»  W?A) 

CALL  MZERO(BB.N.NU.NRB) 

CALL  MZERO(CC.NY.N.NRC) 

CALL  MZEROCUU.NU.NU.NRU) 

CALL  MZERO(UUI.NZ.NZ.NRU) 

CALL  MZERO(MM.NZ.N.NRM) 

•  *•*•*•••**•••••••••••••••••••••••«-•••••••••••••••••• 

C  SET  UP  AA  MATRIX 

Ct  x  x :  x :::  x  t :::::::::::::::: x : 
READC5»20)(AA(10+I. I)» I-l.S) 

READ(S,20)(AA(10+I. I). 1-7.10) 

READ(5.20)(AA(10+I.  10+1). 1-1.6) 

READ(5.20)(AA( 10+1, 10+1). 1-7. 10) 

CALL  IDENT(AA< 1,11), 10.26) 

CALL  IDENT(AA(21,24).3.26)  ■ 

C  CALL  MPRINT<NRA.AA.N.N.7.5»*AAH.O) 

C  SET  UP  BB  MATRIX 

Cxxxxs xxxxxxx ::::::: tt::t 
DO  800  1-1.10 

READ (5, 20 ) (BB( 10+1. J) . J-l . 6) 
READ(S.20HBBC10+I.J),J«7. 12) 

800  CONTINUE 

DO  830  1-1.3 

READ(5.20)(BB(23+I. J). J-1.6)' 

READ(5.20)(BB(23+I. J). J-7. 12) 

830  CONTINUE 

CALL  NEQ(BB.BB(1. 13). N.  12.NRB. NRB) 

C  CALL  NPRINT(NRB. BB. N. NU*  6.5. *BB*. 0 ) 

P»  •  •  •  f  •  •  •  •  •  •  •  •  •  •  f  f  •  •  •  •  (•  •••••••••••«••••••••••  ••9999 

C  SET  UP  CC  MATRIX 

C: 1 1 1 : 1 1 : t  s: t :::: t : t : : t : : 

DO  810  1-1.27 
READ(5.20)(CC(I. J). J-l.S) 

READ(S.20)(CC(I. J). J-7.10)  ■ 

READ(5.30)(CC(I> J).  J-21.23) «: 

810  CONTINUE 

CALL  MDRaP(NRC.NY.N,CC.NROMS<l).RNUM»O.CNUM.O> 
NY-NY-3 

C  CALL  MPRINT(NRC.CC.NY.N.S.5.*CD<*0) 
CmmimumntmtMiitimmctisiituiimm: 

C  SET  MM  MATRIX 

Cxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 
IB)  820  1-1.39 
READ(5»20HMI1(I.J).  J-1.6) 

READ(5.20)(MM(I. J). J-7. 12) 

READ(5.20)(MM(I. J). J-13. 18) 


::::::: 


•  •  •  «  « -« 

•  •  *  •  •  *  • 


XSXXXX: 


X3XJ1X: 


mnt 


nnnn  non  onon 
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READ(5.a0)(MM(I,J),J-19.20)  • 

READ ( 5. 20 ) (MM ( I,  J)»  J-21,26) > 

820  CONTINUE 
C  CALL 

C  SET  UP  UU  MATRIX 

READ<5.20)(UUI(I.I),I«1,6) 

READ(5,20HUUI<I»I). 1-7,12) 

READ(5.20)  (UUI (I.  I).  1-13, 18)i 
READ(3, 20)  (UUI(  I,  I),  1-19,24)' 

READC5, 20 ) (UUI ( I, I ) , 1-25, 30 ) . 

READ(  5, 20  )  (UUX  ( I ,  I ) ,  >31 , 36 )  > 

READ( 5. 30 ) (UUI ( X, X ) , 1-37, 39)  i 
00  821  1-1,39 
UUX(X,X)-1.0/UUX(X,X) 

821  CONTINUE 

CALL  HPRINT(NRU»UUI,NZ«NZ,6r5»MJUl4,0) _ _ 

SPECIFY  OUTPUT  AMD  CONTROL  MAX  UALUES  i _ 

DO  SO  1-1,6 

SIGMA< I )-. 000000012184697 

so  corrrinuE 

DO  51  1-7,24 
SIGMA(I)-. 000000025 

51  continue 

DO  52  I-l.NU 
MUC I)-. 000000000001 

52  carmnuE 
ITT-. FALSE. 

IF(.NOT.ITT)  GO  TO  444 
CALL  NAREAD(NY,SIGMA.NY»1,*Y  NS  UALS  *) 

CALL  MAREAD(NU.MU.NU.l.i4J  MS  UALS  *> 

444  CONTINUE 

SET  UP  UU  MATRIX 

DO  701  I-l.NU 

uwa.  d-.oooooooi: 

701  CONTINUE 
DO  702  1-1,12 
MW(NU*I , NU+I )-l . OE-13 

702  CONTINUE 

CALL  MPRIMT(NRU,UU,MU,MU, 3.5,*UH*>  0) _ 

_ ACTUATOfr'SENSOR  LABELING _ 

TITLUCD-10H  TX2 
TITLU(2)-10H  TY2 
TITLU(3)-10H  TZ2 
TITU)(4)-10H  TX6 
TITLU(5)-10H  TY6 
TITLU(6)-10H  TZ6 
TITLU(7)-10H  TX9 
TITLU(8)-10H  TY9 
TITUJ(9)-10H  TZ9 
TITLU(10)-10H  TX10 
TITLU<11)-10H  TY10 
TITLU(12)-10H  TZ10 


rw; 


S3 
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CALL  M£0(TITLU»  TITLU(13?*  12*  1*12*12) 

TITLY<1)*10H  AX2 
TITLY<2)»10H  AY2 
TITLY(3)*10H  AZ2 
TITLY(4)«10H  AX10-AX2 
TITLY(5)»iOH  AY10-AY2 
TITLY<6)*10H  AZ10 
TITLY(7)«10H  XS-X2 
TITLY<8)*10H  Y6-Y2 
TITLY<9)«10H  X9-X2 

'  TITLY<10)«10H  Y9-Y2 

TITLY<li)»10H  X10-X2 
TITLY(12)»10H  Y10-Y2 
TITLY<13)-10H  X101-X10 
TITLY(14)»10H  Y101-Y10 
TITLY(15)«10H  Z101-Z10 
TITLYC16)«10H  X107-X10 
TITLYU7)-1QH  Y107-Y10 
TITLY(18)«10H  Z107-Z10 
TITLY<19)«10H  XH3-X10 
TITLY(20)«10H  Y113-Y10 
TITLY(21)*10H  Z113-Z10 
TITLY(22)«10H  X119-X10 
TITLY<23)-iOH  Y119-Y10 
TITLY<24)-10H  ZU9-Z10 
CALL  MEO(TITLY.TITLZ»  3.1.24.39) 

CALL  HEQCTITLY(7).TITLZ(4). 2*  1*24.39) 

TITLZ(S)-10H  Z6-Z2 

CALL  HEQ(TITLY(9).TITL2(7).2, 1.24.39)  * 

TITLZ(9)“10H  Z9-Z2 

CALL  MEDCTXTLYU1 ).TITLZ(  10 )»2#  1.24.393. 

TITLZ(12)*10H  Z10-Z2 
TITL2<13)-10H  ,  AX10 
TITLZ(14)«10H  AY10 
TITLZ(1S)-10H  AZ10 

CALL  rfEaCTITLYCi3J.rrTLZaS);i2»l,24,39) 

TITLZ(28)«10H  ARX2 
TITLZ(29)»10H  ARY2 
TITLZ<30)«10H  ARZ2 
TITLZ(31)*10H  ARXS 
TITLZ(32)»10H  ARY6 
TITLZC33J-10H  ARZB 
TITLZ(34)-10H  ARX9 
TITLZC35J-10H  ARY9 
TITLZ(36)-10H  ARZ9 
TITLZ<37)-10H  ARX10 
TITLZ(38)-10H  ARY 10 
TITLZ(39)-10H  ARZ10 

C  ACTUATOR  DELETIONS 

CALL  m]R(P(NU>NUtl*TITLU»l«0ie(2)tmtJNi>0»Rr«JH1.0i> 

CALL  HDRQP(NRB*N*ff4*BB»0*RNUNl*NROMS(2)*RNUMi»0)  > 

CALL  HDRQP(NRU»lf4*  NU*UU*NROUS(2)»RMt11*NROU9(2)*RNUt11*0) 

CALL  NDRQPCNUf NUt 1»MU*NR0US(2)*RNUM1»0*RNUN1*0) 

4  NU»NU-NR0M9<2> 

Mwm-mows(2) 

C  SENSOR  DELETIONS 

CtmmtitiittmmtiminitiMitmstimjsmmmmcMnKirt 


.4 


CALL  MHROP<NRM»NZ.N.MM,NRCMS<3).RNUMa.0.RNUM8»0)  • 

call  HDRGP(r«^i.NZ>MZ.uui.r«aus(3)>RNuris>riRaus(3).49ire>o> 

CALL  MDROP(NZ.fC^l,TITLZ,NROUS(3).RNUK2,O.RNUNa,0> 

MZ-MZ-NR0US(3) 

C  SET  FLAGS  FOR  LQGUTS 

FLAGS(1)«.F. 

FLAGS(S)-.T. 

FLAGS(3)-.F. 

FLAGSC4)-.F. 

FLAGS<5)-.F. 

FLACS(6)-.F. 

FLACS(7)-.F. 

FLAGS<8)-.TRUE. 

FLAGS(9)*.F. 

FLAGS<10)-.F. 

EPS-. 001 

C  SUBROUTINE  LQGUTS  (TA  DflUtUUU) 

CALL  LQGUTS(NRA. N. AA» NRB. BB. NRB. NU. BB»  NRU*  UU. NRU. UUI.NRC, CCr'NRN. 
im.  SIGMA.  MU.  TITLY.  TITLU.  TXTLZ.  NY.  MU.  NZ.  FLAGS.  EY.  EU.  EYNORM.  EUNORM. 
;nrp.  pp.  nrk.  kk.  nrx.  xxh.  eigafm.  exgabg.  nrq.  qq.  NRR.  RRI .  UK*  EPS.  30) 

END 


Program  LQTELE 


15533. TWO. LIOOOO. TUIOOOOO. TC310. T1024, 13140000*  NF150000  • 

PF ILES  C  GET  *  LSLIB3 .  ID-FME) 

PF1LES(GET.LSLIB2. ID-T1Y) 

PFILESCGET.LOCMO. ID-TWO) 

FTN4(MAN»R«0> 

GET CLSLIB3. LBDJREL^BLSl 
LOAD. LSD. 

LOAD. LGO. LSLIB2. LSLIB3. 

EXECUTE. .LOCMO 

PFILEStPUT. TDAT. GETP-U. X-TAPE8) 

PROGRAM  LQTEl^C INPUT. OUTPUT .TAPES* INPUT .TAPES-0UTPUT.TAPE8)  , 
EXTERNAL  MDROP.LYCHK.MURITE.MAREAD 
REAL  AA(24« 24) »BB(24» 21 )»CC(3. 24). UUC23. 23) .00(24.23) 
*.UUI(45.45).MM(4S. 24) 

REAL  00(3. 3) . RRI (21 , 21 ) . SIGC3) . NUC21 ) . TITLVC3) . TITLUC21) . 
*EY(3.2).EU(21.2).EYN0RM(3.2)»EUN0RM(21»2).PP(24»24).KK(24.24) 
a»XXH(24.24).UK(7350).EABG(96).EAFM(96)»T1TLZ(45) 

LOGICAL  ITT.FLAGS(ll) 

INTEGER  NR0US(2).RNUM1(9).RNUM2(33) 

5  F0RNATC5CE13.5)) 

1  FORMAT( (E13.5) ) 

4  F0RNAT(4(E13.5)) 

2  F0RMAT(2(E13.5) ) 

3  F0RMAT(3(E13.5)) 

COMMON/MATIO/FORM.TOL 
C0NN0N/HDRNPR/0SUB(2) . KPAGE  : 

C0NN0H/HEAB^TITLEC7) . CASE (4). LINE 
DATA  RNUM1S21. 20. 19. 18. 17. 15. 12. 9. 8s 

DATA  RNUM2/39. 38. 37. 35. 34. 31. 30. 29. 28. 27^ 26. 25. 23. 22.21. 19. 
*18. 17. 16.  IS.  14. 13. 12. 10. 9. 8.  7.  6. 5. 4.  3. 2.  U 
DATA  NROUS/O.Os 

C  PAGE  HEADER  SET  UP 

IvORN-O. 

TOL-O. 

LINE-1 

CASE(1)«PL0CKHEES  TP 
CASE(2)-PflFSC0PC  HP 
CASE(3)-PGDEL  (12  NP 
CASE(4)-PQDES  )  P 
0SUB(1)-PLG0  UT  SPEP 
0SUB(2)-PCIFICATI0NP 
KPAGE-O 

cmmitttmtimtimimtuimimtitmrmtmtttit 
C  INITIALIZE  HATRICIES  AND  MODEL  PARAMETERS 

CSStttSt!ttm!!!t«!!SI.J!!!tS!ltS!SSSSSStIt}SStSttS!SSSi!t* 

NN8-2-NH 

NCNA-9 

NESA-2*NEHA 

NU-21 

NY-3 

NZ-48 

NX-24 


NRC-NV 


izzzsiL saa 


NRQ-NY 

NRU-NZ 

nKK*nu 

NRX-NX 

NRK-NX 


NRM-NZ 

NU-NRU 

CALL  MZEROCAA.MX.NX.NRA) 

CALL  MZERO(BB.NX.NU.NRB) 

CALL  MZERO(DD*NX»NU«NRD) 

CALL  NZERO(CC.NY.HX.NRC) 

CALL  MZERO(NM*NZ»NX. NRN) 

CALL  MZERO(UU.NRU.NRW.NRU) 

CALL  MZEROCUUI.NZ.NZ.NRU) 

C  SET  UP  AA  MATRIX' 

DO  40  I-1.NM.5 

IF  (<I+4).GT.NM>  CO  TO  40 

M-I+4 

READ(5*5)(UK(J). J-X.H) 

-40  CONTINUE 
N-I-5 

READC3.5)CUC<J).X1.NH> 

00  SO  I-1.NN.5 

XF  ( (1+4) .CT.NN)  GO  TO  50 

READCS.SHUKCXtl).  J-I.H) 

50  CONTINUE 
N-I-5 

READCS.  5)  (UK( J+MM) ,  Xf.  NH) 

CALL  IDENT(AA(1.NENA+1).NEMA.NRA0 
00  100  I-l.NEMA 
AA<NEMA»I.X)-MK<I*3> 

AAU+MEHA.  I+NEMA)-MK<NN*3+I1 
100  CONTINUE 
AA(17.1S)>1. 

AA(18.20)>1. 

AA(  IS.  17)— 3547.0 
AAC20.18)— 986.56 
AAUS.1S)— .1257 
AAC20.20)— .0628 
AA(22.24)-1. 

-AA(21.23)-1. 

C  SET  UP  BB  MATRIX 

CitiumtmmitimmiiMiitmitmmnmnimmim 
II-NM-NU 
00  300  I-l.IX.S 
M-I+4 

IF  (H.6T.XX)  CO  TO  300 
REA0(S.5)(IK(K).K-X»M) 

300  CONTINUE 
I-I-B 

READCS.  SHUK(K).K-l.  II) 

00  301  X-l.NEMA 
00  301  J-l.MU 

B8CNEMA+I.J)-WK((I+2)*NU+J)  ' 

301  CONTINUE 


A  ^  A*.  •  •  -A  A  ’.  _% 
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00  200  1-1.2 

DO  200  J-l.MI 

BB(2*N£MA+6+I» J)=WC((I-1)*NU+J) 

200  CONTINUE 

C  CALL  MPRINT(NRB*BB»NX.NU.8*5.XBB*»0) 

C  SET  UP  CC  MATRIX 

II-NY*NN 

DO  201  I-l.II.S 

M-I+4 

IF  (M.CT.II)  60  TO  201 
REA0C5. 5)  OKCIO .  K-I .  M) 

201  CONTINUE 

I- I-5 

READ(5.5KUK<IC)»IC«I.II) 

DO  400  1-1.3 

00  400  J-l.NEMA 

CCCI. J)-UK(<I“l)*NM+3+J) 

400  CONTINUE 

00  500  1-1*3 
DO  500  J-1.2 

CC(  I.  NESA+4+J)-WC(  (1-1  )*NN+J3 
500  CONTINUE 

C  CALL  MPRINT(NRC.CC»NY.NX.8.5.iCCP,0> 

cssstttstssssssssissssssts  ttsttsts:sstss:t  ssssststststsssst.t*: 

C  SET  UP  REMAINING  PORTION  OF  AA 

Cssssssisssssssssssssssssssssstsstsssstsstsssststs-sstssttstt^ 
00  110  I-1.NM2.5 
IF((I+4).GT.NN2)  GO  TO  110 
M-I+4 

REA0(5*5)  (UK(  J).  J-I.M) 

110  CONTINUE 
N-I-5 

READ(5»  5)  CUK  C  J)  .  J-N.  NM2) 

DO  111  I-l.NEMA 
AA(NX*NESA+NEMA+I)-UK(S+2-I-*l) 

AA ( NX* ( NESA+1 ) +NEMA+I ) -UK  C  8+2*1 ) 

111  CONTINUE 
AA(NX»NESA+NESA+n«UKC  1 ) 

AACNX*(NESA+l)+NESA+7)-UK(2) 

AA(NX«NESA+NESA+8>-UK<3> 

AA CNX*( NESA+1 )+NESA+8)-HK(4> 

C  CALL  MPRINT<NRA.AA.NX,MX.8.5»*AAF*0> 

C: s s t rs t s 1 1 1 s : s s 1 1 s 1 1 s t s t s t s s t : 1 1 s* 1 1 1 1 1 : 1 1 1 1  ft  ? s t ::::: s s ts 
C  SET  UP  00  MATRIX 

CttSSSSSStttSttttttSSSSSSStS SStSSS’tSSSttSSSSSSttStStSSSSSSS 

CALL  MEQCBB.DD.NX.NU.NRB.MRO) 

D0(NESA+3.NU+1)-1. 

DD( NESA+4. NU+2J-1 • 

C  CALL  HPRINT<NRD.DD,NX.NH.8.5»»‘DDF.0> 

CStStSSSSSSSSSSStSSSSSSSSSSSSSSSSS;SSSSStSSSSSSTtS:SSSSSS3SSS 
C  SET  UP  MN  MATRIX 

Cs S S S t S S S S S S S S S S I S S S S S S I t s s t S S t S S SS S S t S S S t t S S t S t S t S S S S St t t s 

II- NU+NM 

A  00  112  I-1.II.5 

M-I+4 

IF  (M.GT.II)  CO  TO  112 
REA0(5.5)(UK(K).K>I.M) 

112  CONTINUE 
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1*1-5 

READ(5«5KUK(K),K*I, II) 

CALL  MEQCCC, MM,  3* 24* 3*  45) 

DC  210  1*1, MU 
00  210  J-l.MEMA 
D*WCC44*<I-l)+3+J> 

MMCI+NY, J)*D 

MM( I+NY+NU, J+MEMA)-D 

210  CONTIMUC 

00  211  1*1, MU 
DO  211  J*l,2 
D*MC(44*<I-1)+J) 

MMCI+MY, J+NESA+4)*D 
MMU+MY+MU.J+NESA+G)*D 

211  comtimue 

C  CALL  MPRINT<MRH»MM.NZ,MX»8,5.*MMP»0> 

C  SET  UP  UUI  MATRIX 

00  212  1-1, MU 

UUI CMV+I,MY+I)*1.0E+06 

UUI (MV+MU+I, MY+MU+I )-l . OE+07: 

212  CONTINUE 
UUIQ.l)-1.0E+04 
UUI (2, 2) -UUI (1,1) 

UUI(3,3)*1.0E+06 

C  CALL  MPRINT(MRU,UUr»MZ*NZ»8*!5*PUU  IMUSEP.O) 

CmmmimumiiuiimitmuHitttiisttmmsmm 
C  SET  UP  MU  MATRIX 

Cmiimtmtmmttttmmmmmutmmmittnm 
00  213  1-1,  MU 
uua,i)*.i 

213  CONTINUE 
UW(MU+l,MU*l)-3.35 
MU(MU+2,MU*2)-3.S5 

C  CALL  MPRINT(MRU,UU,MRU,MRU,8*5,*AMP,0)  > 

c - 

C  SPECIFY  OUTPUT  AND  CONTROL .MAX  UALUES  i 

C - 

00  53  1*1.2 
SIC(I)*1.0E-07 
53  CONTINUE 

SIC(3)*1.0E-12 
00  52  1-1. MU 
MUCD-1.0E-04 
52  CONTINUE 
ITT-. FALSE. 

IF ( .MOT .ITT)  CO  TO  444 

CALL  MAREADCNY,SIC,MY,1,PY  MS  UALS  A) 

CALL  MAREADCNU.MU.NU.1.4U  MS  UALS  0) 

444  CONTINUE 

C - 

C  ACTUATOR/SENSOR  LABELING 

C - 

TITLUCD-10M  FYi 
TITLU(2)-10H  FZ1 
TITUI(3)-10H  FZ8 
TITUJ(4)*10N  FX3 
TITLU(5)*10H  FY3 
TITLU(6)*10H  FZ3 


T^T^7?75Tr7?TT7rr7S^T7T7,»T'T’T'T^ri^^ 


>'wr- .  v.'".’ 


240 


TmU(7)«10H  FZ4 
TITLU<8)-10H  FXS 
TITUI(9)»10H  FYS 
TITLUU0)«10H  FZ5 
TITLU(11)-10H  F 26 

TITUI(ia)-10H  FY7 
TITUK13)»10H  FZ7 
TITLD(14)»10H  FZ8 
TITLU(15)-1CH  FZS 
TITUJ(16)*10H  FZ10 
i  TITUJ(  17)*10H  FX11 

TITLU(1B)«10H  FY11 
TITUK 19J-10H  FZ11 

TXTUJ(20)-10H  FY12 
TITLU<21)-10H  F212 

TITLYt 1 )*10H  LOS  X 
-r  TXTLY(2)-10H  LOS  Y 

TITLY(3)*10H  DEFOCUS 
CALL  MEQ(TITLY. TITLZ. 3. It  3. 45) 
TITLZ<4)-10H  Y1 
TITL2C5)«10H  Z1 
TITLZCS)-10H  22 
TITLZ<7)-10H  X3 
TITLZ(8)«10H  Y3 
TITLZ(9)»10H  Z3 
TITLZ(10)«10H  Z4 
TITLZC1D-10H  X5 
TXTLZ(12)-10H  YS 
TITLZ(13)-10H  Z5 
TXTLZ(14)-10H  ZB 
TITLZU3J-10H  Y7 
TITLZ(16)a10H  Z7 
TITLZ<  17)*10H  Z8 
TXTLZ(18)-I0H  ZS 
TI7LZC  19)aL0H  Z10 

TITLZC20)-10H  XU 
TITLZ(21)-10H  YU 
TXTLZ<22)-10H  Zil 
TITLZ(23)«10H  Y12 

TITLZC24)-10H  Z12 
TITLZ(25)>10H  LRY1 
TITLZ(26)-10H  LRZ1 
IXTLZ(27)-10H  LRZ2 
TITLZ(28)-10H  LRX3 
TITLZ(29)«10H  LRY3 
TXTLZ(30)«10H  LRZ3 
TITLZ(31)-10H  LRZ4 
TITLZ(32)-10H  LRX5 
TITLZ<33)"10H  LRY5 
TITLZ(34)-10H  LIES 
TITLZ(35)-10H  LRZS 
TITLZ(38)-10H  LRY7 
TXTL2<37)-10H  LRZ7 
TITLZ<38)«10H  LRZ8 
TITLZ(39)-10H  LRZS 
^  TITL2(40)-10H  LRZ10 

TITLZ(41)-10H  LRXU 
TITLZC42)-10H  LRYU 
TITLZ(43)*10H  LRZU 
TITLZ(44)«10H  LRY12 


«r 


nTLZ(4S)«10H  LXZ12 

c  actuator  onmorta 

Cut  tut  tttttttt  tttt  t  ttt  tt  1 1  ttmtaittit  t  it  tin*  ttt tit  tumt  t tttttttt 
CALL  gRgCHU.HU»4»TlTUI.AWOUBCl>tlWUhI.O.RMUm.O>? 

CALL  HMQP(N(l.r«(*NU»B.0tRNUni*NRQUS(l).Rr«l11.0>i 
CALL  HMQP(HRH»nU*tM*M4*NROH8(l)»RhUni>NROMS(l)»RI1Unif 0) 

CALL 

call  MROR<nu*i«i.i*Hu.r«oui(n.Rruii.o.Rruii>0) 

HMHAttKl) 

Cttttttttttttttttttttstttttttitttttttttttttttitttttttitttittt tttt ttt tt 

c  mmm  klotoms 

CltttttttSttttlltltlltltttttittttttttlttttlttttttttttttttltttttttttttt 
call  mMP(mn.NZ.NK.m.nROHi(2).Rr«jra>o.Rr«jrs.o). 
call  HWQA<mu»Hg«tg«uui>wAomca).AwunatAAOU3ca).Rrmg.o) 

CALL  HBROR(IS*ia«l.TXTLZ«rWMI(a>tAHUNa.O.ANUne.O> 


Csttitttiittttttttiittttttitttttttttttttiitttttttttitttititttttttttttt 
c  XT  FLAGS  nil  LflCUTS 

Ctttttttttttflttltttttftltlltttttltttllltttttttttttltttttltilt tttttttt 
FLAGSC  ll-.F. 

FLACS<1)«.T. 

frLACS(3)«.FALX* 

FLAGS<4)-.T. 

FLAGS(S)*.FALX. 

FLAC8(S)*.F. 

FLACS(7)«.F. 

FLACS(t)*.  TRUE* 

FLAGS(8)-.F. 

FLACS(10)-.F. 

EPS-.  Ml 

Cttstttstttttitiittttttttttttttttttittttttttittttttttt tttt  ns:  m  ttttt 


c  mbutw  Loans  cta  win  mum 

Ctltttlt tlttttttlttttttttt ttlttttttttttttttttttttttttttlt ! ttttt t ttt lit 
CALL  LOO(TS(NRA«r«(*AA»nRB.n.nRD.ttl.ini.MRU>UU.r«U.UUI.NRC.a: 
l.HRH.HW*  SZC.  AU*  T1TLY.  TITUJ.  TITL2.  NY.  Mlt  HZ.  FLAGS.  EY»  EU.  EYMORfl* 
inWORH»WHF.FF>WK.KK»tfB<,XKH.EAFH»EMC;mO.QQ»HRR.RRI.MK.EPStO) 
END 
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